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ABSTRACT 

One hundred seventy- six seventh grade students 
underwent a recorded interview where each was given a set of 
computational exercises and asked to say aloud his thinking as he 
worked them. The most frequently used strategies in computations with 
whole numbers and fractions are described in detail, an analysis of 
the nature of wrong answers is included, and characteristics of good 
and poor computers are listed and discussed. Thirteen conclusions are 
given, covering computational strategies, vertical vs. horizontal 
problem arrangement, mathematical vocabulary of students, estimating 
answers, and the technique of using recorded Interviews in research. 
The computation problems given to the students are included in the 
report, and the appendices list all the wrong answers given with the 
accompanying verbal description by the student. (DT) 
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SOi'.C COMPUTATIOiiAL STWF.OirS OF SEVENTH ORAOE PUPILS 



Introduction 

It is encouragino that currently there is widespread interest 
in improving the^ computational skills of pupi Is'^esneci al ly in 
the elementary panel ^arly secondary years. This interest has 
found expression in numerous experimental efforts to indivi ua i ze 
instruction in computational skills. It may have been stimulated 
by the calls to ='accountabi 1 i ty=‘ in the schools and the adontion 
of performance contractim. '' The relatively low scores of many 
pupils on the computational skills part of standardized achi Jve- 
ment test batteries which have been seen in many schools may also 
have supported this Interest. ^ 

Many of the experimental programs have sta,rted »vl th a 
detailed analysis of the tasks, or skills, in computation--^ ' 
placing them in many categories related to the content of . 
operations involved.' Often the next steo i n thov des ign of a 
pre-test to locate the particular tasks or skill's a pupil oes 
incorrectly. Remedial exercl ses--associ ated with variously ^ 

designed programmed instructlon--are keyed to the pre~test. f 
Then follavs a post-test--slmi lar to the pre-test— 1 n tended to 
shoiv whether or not the oupl 1 can now oerform at a satisfactory 
leve 1 . 



An example may be taken from the work of Patrick Suppes of 
Stanford Uni versi ty who has done extensive research in computer 
assisted Instruction. In a Teacher's Handb ook f^r_CAt_£qurs^ 
(Technical Report lio. 173, Sept. 1, 1?71 , Institute for 
mat leal Studies in the Social Sciences, Stanford University^ ^ 
"strands" in arithmetic are listed. *^ne of these is the^ Hori^ 
zontal Subtraction Strand." The content of this strand is sum 
marl red as follows. (P. 13) 

' Differences in canonical and noncanoni cal^ format. 

Maximum minuend is 9 
Maximum minuend is 10 

Problems with two"dinit minuends in canonicsl format 
Problems with one^digit minuends in noncanonical format 
Problems v/ith tv/o-digit minuends equal to or less than 19 
in noncanonl cal format 

Problems with minuends greatcj than 19 in nonoai^on ical format 
Problems with a difference on both sides ov^eoj-al sign 

(a) The problem 4 - 0 * ? is in c.inonlcal format 

The problem 7 - 7 is in noncanon i cal format. 



An exanple of an exrvrincnt in such an individualized nro- 
orar^ is ti;e I ,rii vm cuaM zed **?^H^notics Sysjten* develor>ed at The 
Regional EducatTonT’a^^^^ i'or tlie Carol -nas and Virginia. 

In this system the elementary school curriculum is divided into 
11 topics; each topic is divided into nine levels of difficulty, 
and for each level of difficulty there are a number of soeclfic 
skills. *'By dividing the work into units of skills, mathematics 
is presented as a series of small , related tasks. . . . 



A placement test determines the topic on which a pupil 
begins work, and at what level of difficulty. * ’Progress is 
evaluated by short check-up tests fol laving each skill folder, 
and then by a post“test covering all the skills assigned for tiie 
uni t. 



Commercially available diagnostic tests are also often 
arranged by type or class of computational exercise. Scores may 
reveal, for example, that a pupil is weak in adding fractions of 
any one or more of these classes: (1) denomi nators the same, 

( 2 ) one denominator, the common denominator, (3) neither denomi- 
nator, the common denominator, {h) mixed number plus a fraction, 
(5) mixed number plus mixed number. 

The study reported here v/as prompted by the belief that 
pupils vary not only in the types of computational exercises they 
can do successfully but also in the computational strategies t ey 
employ. 1 1 was thought that these strategies are highly indi- 
vidualized and that they are often not revealed in the pencil and 
paper answers to test items or diagnostic exercises. If some 
insight could be gained into the thinking sequence fol laved by 
a pupil as he computes, perhaps some clues might be obtained as 
to when and hav this thinking becomes faulty. It was expected 
that such “patterns of thinking*’ might often be quite unortliodox 
but for a particular pupil a satisfactory substitute for 
orthodoxy; while for another puoil a favorite strategy could be 
faulty arithmetically and'destlned to yield Incorrect ansv/ers. 
it was further expected that computational strategies of success 
ful computers differ substantially from those of unsuccessful 
computers. 



Problems v/lth a regrouojn canonical format 
Problems v/lthout a regroup in noncanon leal format^ 

Problems with difference on both sides of equal sign. 

Vhe Individualized riathenatjcs_ Syst P.enional Education 

Laboratory for the Carolines and Virginia. Chapel I'iill and Duke 
Streets, Durham, rlorth Carolina. 
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In brief this study was designed to examine those basic 
assumpti ons . 

1. Patterns of thinking--con >utational strategies“-whi ch 
pupils develop in their study of elementary mathematics 
are highly individualized and often do not fol lo'w the 
orthodox models of textl'ook and classroom. 

2. There are observable differences in the patterns of 
thinking--computational strategies--of successful com- 
puters and unsuccessful ones. 

3. Clues for remedial teaching of computational skills may 

be derived from an examination of the patterns of thinking-- 
computational strategies — of pupils v/ho are unsuccessful 
computers . 

In the original design of this study it v/as hoped that this 
question could also be examined, i.e.,what effects on patterns of 
thl nkl ng--conputat i ona 1 strategies — are resulting from some of 
the current efforts to teach Icav achievers in mathematics? 

Limitations of time and nanpoiver made it impossible to seek an 
answer to this question in this study. It is hoped that it can 
be explored in a subsequent study. 



Related Research 



Over the fourteen year period in 1957“1S70 there appeared 
annually in The A rith metic Teacher a list of research, completed 
the previous year, on elementary mathematics, grades K-8. In 1971 
this series was continued in the Journa l for Res earch in Math_e- 
matics Educat 1 on--i ncl uding items of research at the secondary 

1 — I 



terns of research 
ists contained 93 1 



at 

eve I . ' In all, these II lists contained 93 1 items. These lists 
together with the annotations v/ere examined for the years 19^0 
througii 1970^ in an effort to locate studies that used Individual 
pupil intervleivs to analyze computational strategies of nupils. 



Suydam, Marilyn !■!. and */eaver, J. Fred. ‘‘Research in Mathe- 
matics Education (K-12).'' Reported in 1970 Jour nal f or Research 
in Mathematics Educati^ji, \'ol . 2, No. Movember, 1972, pp. 257“ 
299. 



^/eaver, J. Fred. "Research on Elementary School Mathe- 
matics," Arithmetic Teacher. For I960 in May, 1961, pp. 255-260 
and October, 1961, pp. 331“"307; for 1961 in Hay, 1962, pp. 2S7- 
290; for 1962 in May, I963, op. 297-300- for 1963 in April, 196^1, 
pp. 273-275; for 196^ in May, 1965, pp. 362-387 and Movember, 1965, 
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in addition ail the quarterly Issues of The Jo ur nal of Re searc h in 
Mathe matics Education since its inception in January, T070 v/ere 
reviev/ed. 

The research most closely related to the study reported here 
was a dissertation completed by Miller^ at Indiana University in 
I960. She recorded Interviews with ^lO sixth qrade pupils and^ 
analyzed the responses in four cateqorles. There v?as no detailed 
analysis of the computational strategies used. There have been 
diagnostic studies Intended to identify computational strategies 
but using written responses of pupils instead of both oral and 
written responses as in the study reported here. An example is the 
study reported by Roberts.^ Ue examined the written v/ork of 
selected third grade pupils (1) To determine the computational 
skills in which Third Grade Pupils were most deficient, and (2) To 
discover if any generalizations could be derived about puolls’ 
failure strategies." 

■■ - 'V- 

Admittedly this review of research has been more extensive 
than intensive. If a more careful review had been possible, 
doubtless other related studies might have been located. How 
ever, it seems safe to assert that the study here reforted does 
not duplicate any research listed or reported in the sources 
mentioned above for the period I960 through 1970. 



pp. 577-578: for 1965 in May, 1966, pp. h]k-k27] for .1966 in 
October, 1967, pp- 509-517; Reldesel, C. Allan, Suydam, Marilyn 
N. and Pikaart, Lin, "Research on Mathematics Education K-8 for 
1967 ," Arithmetic Teacher . October, 1968, pp. 531“5^^; 9el desel , 
C. Allan and Suydam, Marilyn !!., "Research on Mathematics Educa- 
tion Grades K-8 for 1968," Ari thmeti c Teacher , October, 1569, PP- 
A 67 - 478 ; Suydam, Marilyn M." "Researciron Mathematics Education 
Grades K-8 for 1969.' Arithmetic Teacher , October, 1^70, pp. 511- 

527. 



Sillier, Frances Pauline, "An Analysis of Sixth Grade 
Pupils' Thinking Regarding Their Solution of Certain Verbal 
Arithmetic Problems,'' Dissertation A b stracts , Vol . 21, September, 

I960, p. 503 . 

^Roberts, G. H., "The Fal lure Strategies of Third Grade 
Arithmetic Pupils,' Arithmetic Teac her, Vol. XV, flay, 1968, pp. 
Af»2-1»f»6. 






Methods and Procedures 



*/hat is being called a diagnostic interviev/* was the method 
employed for obtaining basic data used in this study. In a room 
where pupil and interviewer may v/ork alone and undisturbed the 
pupil is asked to do a set of computational exercises as he usually 
does them but to say aloud his thinking as he computes. The 
explanation of what is requested of the pupil goes something like 
this. 



*-0n these sheets are some exercises in arithmetic. 
They are just like those you have done many tines in 
earlier grades-*or even in class this year. I want you 
to do them exactly as you usually do when you do home- 
work or have seatwork in class. If you use scratch 
paper, there is plenty of space on these sheets for any 
scratchwork you viish to do. If any of these exercises 
are written in a way that you are not accustomed to, 
rewrite them so they are in a form that you like to 
work with. The only new thing I ask you to do is to 
say out loud what you are thinking as you do your work. 
Just ‘talk to yourself as you work.* I suspect that 
you often do this anyway when you are working alone. I 
do. ily reason for wanting * to hear what you are think- 
ing* is that if you get an incorrect answer I can better 
decide Just where your thinking went wrong and perhaps 
can suggest seme help after v/e are through. Even if 
you don*t make any mistakes, I still want to know what 
your thinking is for this may or may not be v;hat you^ 
should continue to use. Mow let*s start with this first 
exercise, '.^hat does it say to do? Read it and do it. 



Experience has indicated that better results are obtained 
from the Intervlev/s if these simple guides are followed: 

1. A verbatim recording of the Interviev/ is made on cassette 
tape. A recorder with built in microphone is preferred. 
It should be in place before the pupil comes for the 
interview. After the preliminary explanations of 

p rocedurc”descr 1 bed above — the recorder shou Id be turned 
on without comment. To refer to the recorder 1 n bny 
way proves to be distracting. Otherv/lse the pupil soon 
forgets it is present. 

2. Let the pupll*s first activity be to write his name and 
date. Scrupuously avoid any use of the pupil *s name in 
the interviev/. This means that the tape can be used 
later completely anonymously. Label the tape with the 
pupil *s name, or otherv/lse, so the oral record can later 
be matched v/lth the written record and other data such as 
test results. 
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nivc .? rv'jnll the preferred scat at a desk or table. The 
i nferviti 'er si o'. ' i : on t'*e left side of a rinht" 
handed pupil and the riqht side of a left-handed pupil. 
This provides easier view of his v/ork. 

As the pupil starts, have him read the first exercise 
aloud. This helps him to start talking comfortably. 

Let the first exercise be simple enough that he is 
almost sure to get the correct answer. Compliment him 
on his correct answer. It may be necessary to give the 
pupil further instructions as he proceeds such as “sneak 
a little louder" or ‘-’be sure to tell me each step you 
take." 

Have the pupil read the caption and each exercise before 
he undertakes it. This gives a good record of his 
vocabulary and hoiv his reading of the exercise is related 
to the computational strategy he uses. 

Excessive directions can be distracting. It is better 
not to interrupt the pupil as he computes, '-'hen he has 
finished and written an answer it is better then to ask 
him questions that require him to clarify or elaborate 
his thinking. 

Carefully observe points when the pupil hesitates and 
does some mental calculation silently before proceeding 
further. After he has finished the exercise, go back 
to these points and ask for an oral report of his think- 
ing. For example, in column addition a pupil may say 
“8 and 8 are 16 plus 1 is 17 and hesitate as he adds 
17 + 9 to get 26 ." '.'hen ajked “how did you get 17 and 9 
to be 267“ he nay reply 'I tliought 17 + 3 is 20 and 6 
Is 26 “ or “I thought 17 + !0' is 27 and 1 less is 26," or 

“I thought 9 + 7 is 16 and 1 and 1 are 2." 

\/hen a pupil makes a mistake at any stage in an operation 

he should not be interrupted in any way. It must be 

remembered at all times tliat a diagnostic interview is 
not a teaching exercise in which pupils are led to cor- 
rect their errors through a series of Socratic type 
questions. He must be left free to proceed in his own 
way with never a hint 'that it may be wrong. Some pupils 
will ask the interviewer “Is that right?" He must evade 
an answer and encourage the pupil to proceed in his own 
way. After an exercise is finished, a pupil may be asked 
to repeat a step In v>hlch he made an error. If he 
repeats the error, it is not likely to have been a care- 
less one. He is not asked to repeat because he made an 
error, but so the interviewer may understand more clearly 
what he did. 
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9. :/hen a pupil c>scove»'s an error either on his own as he 
proceeds or after he finishes and Is asked to reoeat a 
step, he usually v/ants to erase and correct. Instead ^ 
he should be directed to mark through the error and write 
the correction to the side. Later when the tape is 
replayed, the oral record then matches thev/ritten 
record. 

10. Avoid giving clues or leading the pupil through a series 
of quest ions- -prog ram style. 

11. '/hen a punil's words have been indistinct, the inter- 
viewer should, after an exercise is comnleted, repeat 
the child's words as faithfully as possible to get a 
usable record. 

12. Do not hurry a pupil. Allow him as much time 

wishes on a single exercise. If time must be controlled, 
do so by reducing the number of exercises the punil is 
asked to do. 

In addition to the recordings of the oral comments during the 
interviews the punils'work paners--incl udinq all scratch v/ork 
v/ere retained and used in the analysis of responses. 



The Pupils Interviewed 

The pupils interviewed numbered 176 and were enrolled ?iv 
schools located in Richmond, Virainia:. Northumberland County,^ 
Virginia (a rj|iral county in Eastern Virginia); Atlanta, Georgia: 
l/ashington, o" C.; Detroit, Michigan, and Denver, Colorado. All 
pupils v/ere enrolled in the seventh grade. The interviews v/ere 
conducted during the months of February, flarch and April of 1®72. 
In each school a single class, or section, was chosen representa- 
tive of the nid-range of achievement and ability. Most of these 
pupils v/ere interviev/ed. A fev/ were absent during the time of the 
interviews and could not be included. Jn one school the class 
contained a few more puoils than could be interviev/ed in the week 
that could be devoted to this school. ’Whenever all of a class 
could not be interviewed those who v/ere came in alphabetical or 
random order. In some of the schools these basic groups were 
supplemented by a few pupils chosen from other sections to be 
sure to include a few high achievement oupils and to assure that 
about the same nw-^iber of girls as boys were interviev/ed. The 176 
pupils ii'icluded 83 girls and 93 boys. Raciallv it included 90 
blacks, 8S whites, and 1 Oriental. 
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Three sets of data were taken (where available) from the 
p*j I * r/ * V'T* by sc**ools. Thcso 

included the year-end rjrade in arithmetic assi ^ned by the school 
for the sixth grade (the year nreceding the interviews). Intelli- 
gence quotients based on group intelligence tests were available 
and were tabulated in all but one school. The nrade enui valent 
scores on cn arithmetic achievement test were available in all the 
schools. These grade equivalents were tabulated for the comouta- 
tion part of these tests for all except one school vihere only 
concepts and problem solving scores were on record. In this 
school the p'. oblem solving score was tabulated. 

,!o claim is made that these M(> puoils are representative of 
seventh graders enroll? 1 in all public schools or even of seventh 
graders enrolled in the six school systems where interviev/s v/ere 
held. This study was in no way a survey of the comnutat i ona I 
skills of typical seventh graders. Instead it was the purpose to 
obtain some examples of the thinking used in computing, y "uni s 
with a fairly wide range of backgrounds--including boys and girls, 
blacks and whites, mathematical achievement, ability, type o 
school (rural and urban) and ncographic location. That this was 
accomplished is indicated in the tables that follov/. 

The seventh crade v/as chosen because by the end of the sixth 
grade all oupils will have been taught to compute with whole 
numbers and fractions at least once. Many of these seventh 
graders will likely be taught operations with whole numbers and 
fractions again, but it was thought that interviews at the 
seventh grade level would reveal patterns of thinking compute 
tional strategies--as they have been formed at the end of the 
elementary school and before the reteaching expected in the 
remaining years of secondary school. 
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School '.'umber One - 25 Pupils 



Ar i thmeti c 


Grades 


In Grade 


6 


Grades 


Pupils 


A 


0 


B 


2 


C 


2 


D 


0 


F 


1 


n 


7 


s 


o 


0 


2 


U.A. 


2 


Total 


25 



(1) Grades v;ere not available. 

Arithmetic Achievement 
Computation-Grade Equivalent 



Total 1 . ' 




1 . 0 . 


Puoi Is 


100-105 


2 


5)C- 5? 


3 


So- S9 


n 


70- 70 


6 


:i.A. 


5 


Total 


25 



(2) Based on Cal i fornia Test o f 
Mental Maturity given in 
Grade 7 IFal l , 1?71). 



G.E. 


Pupi Is 




6. 0-6. 9 


1 




5. 0-5. 9 


10 


(3) Based on 5.R.A. Achievement 


A. 0-4.9 


3 


Battery given in grade 5« 


3. 0-3. 9 


4 




iJ.A. 


7 




Total 


25 





School 'lumber Two - 30 Pupils 



Arithmetic Grades 


Total 




1 n 


Grade 6 






Grades 


Pupi Is 


1 .0. 


Pupi Is 


A 


5 


120-129 


2 


u 


0 


1 10-119 


6 


C 


13 


100-109 


3 


D 


2 


go- 99 


6 


F 


2 


no- 39 


k 


Tota 1 


30 


70- 79 


3 






60- 69 


1 






Total 


30 



(1) Based or. Cal i fornia Test of 
M ental Maturi ty "given in 

qrade 7 (Pal 1 1971) 



Arithmetic Achievement ^2) 

Computation-Grade Equivalent 



G.E. Pupils 

9.0 and above 1 

8 . 0 - 8. 9 ’ 

7. 0- 7.9 1 

6 . 0- 6. 9 3 

5. 0- 5. 9 13 

A.0-A.9 5 

3. 0- 3. 9 ^ 

M.A. 2 

Total 30 



(2) Rased on S.R.A. Achievement 
Battery given in grade 6. 



10 



14 



School ilumber Three - 30 Pupils 



Ari thmeti c 


Grade 


Total 1. 


o.<'> 


In Grade 6 






Grades 


Pupi Is 


1 .0. 


Pupi Is 


A 


l\ 


120-129 


1 


B 


D 


110-119 


3 


C 


10 


100-109 


5 


D 


1 


90 - 99 


. 3 


F 


2 


.90- P9 


7 


U.A. 


It 


70 - 79 


3 


Total 


30 


fl.A. 


8 






Total 


30 


(1) Based 


on California Test of Mental 


Maturi ty given 


in 'irade 5. 



(2) Based on Hetropol i tan 

Achieve m ent Test (] i ven i n 
grade 



Arithmetic Achievenent ^ 2 ) 

Computation-Grade Equivalent 

G.E. Pupils 

10.0 and above 1 

9 . 0 - 9 . 9 1 

8 . 0- 3.9 0 

7. 0- 7.9 3 

6 .0- G .9 9 

5 . 0- 5. 9 

A. 0-1*. 9 

ii.A. ^ 

Total 30 
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School Mumber Four 



- 30 Pupils 



(I) 



Arithmetic Grade Arithmetic Achievement 

in Grade 6 Computation Grade 

Equi valent'2) 



Grades 


Pupi 1 s 


G.E. 


Pupi 


A 


1 


10.0 and above 


1 


B 


6 


9. 0-9. 9 


0 


C 


17 


8. 0-8.9 


0 


D 


6 


7. 0-7.9 


3 


Total 


30 


6. 0-6. 9 


5 






5. 0-5. 9 


8 








10 






3. 0-3.9 


1 






N.A. 


2 






Total 


30 



(1) No intelligence tests are administered in this school. 

(2) Based on Comprehensive Test of Basic Skills given at 
beginning of Grade 7. 



O 

ERIC 



16 



12 



School i.'umber Five - 33 Pupils 



A r i thme t i c 


Grade 


Total Intelligence Test 


in Grade 6 


Score-Percenti le 


Rank^'^ 


Grades 


Pupils 


Percentile Rank 


Pupi Is 


A 


10 

ft 

13 


90-99 


5 


B 


Bo- 89 


6 


C 


5 


70-79 


1* 


D 


1 


•60-69 


5 


E 


1 


• 50-59 


3 


n.A. 


3 


i»0-A9 


3 


Total 


33 


30-39 


3 






20-29 


0 


(1) Based 


on California Test of 


10-19 


1 


Mental 


1 Maturi ty gi ven in 


0- 9 


1 


Grade 


5. 


n.A. 

Total 


2 

33 



Arithmetic Achievement 
Problem Solving- /_x 
Grade Equivalent' 



G.E. Pupils 



6 . 0 - 6. 9 2 

5. 0- 5. 9 12 

h.O-k.S 12 

3. 0- 3. 9 5 

n.A. 2 

Total 33 



(2) Based on Iowa Te s t of 
Basic Ski 1 Is given in 
grade 6. There is no 
separate score on computa- 
tion from this test. 



O 

ERIC 



13 



17 



School flumber Six - 2G Pupils 



Ar i thmetic Grade 
i n G radc 6 


Total 


I. 


Grades 


Pupi Is 


1 .Q. 


Pupi Is 


A 


3 


120-129 


4 


B 


7 


1 10-119 


3 


C 


11 


100-109 


8 


D 


5 


90- 99 


5 


F 


0 


30- 89 


5 


ii.A. 


2 


tl.A. 


3 


Total 


28 


Total 


28 


( 1 ) T aken 
wh i ch 


from the cumulative records of 
I.Q. derived from most recent 


pupils at 
test taken 


the school on 
v/as recorded. 



Arithmetic Achievement 
Computation-Grade Equivalent' ' 



G.E. 

9. 0- 9. 9 

8. 0- 8. 9 

7. 0- 7. 3 

6 . 0 - 6. 9 

5.0- 5. 9 
^1. 0-4.9 

3. 0- 3. 9 



Pupils 

1 



5 

6 (2) Based on Metropol i tan 

« AchievCTent Test g i ven i n 

Grade 6. 

3 

1 



ri.A. 3 

Total 28 



Exercises Used in Interviev/s 



There were 37 exercises used in the interviews distributed, 
by type, as follov/s. 



Addition of whole numbers 
Subtraction of whole numbers 
fiul ti pi i cat i on of v/hole numbers 
Division of whole numbers 
Addition of fractions 
•Subtraction of fractions 
Multiplication of fractions 
Division of fractions 
Fraction comparisons 



3 exercises 
3 exercises 
3 exercises 
h exercises 
k exercises 
5 exercises 
3 exercises 
exercises 
C exercises 



One of the exercises on division of whole numbers ^vjas added^ 
only for the last two schools vjhere pupils were interviewed. This 
means that in four schools only 3 exercises in division of i-.'hole 
numbers were used. Also after intervieir/s were completed in four 
schools, one exercise in subtraction of fractions v/as deleted and 
another substituted. This means that no more than 3<S exercises 
were included for any one pupil. These, exercises were chosen to 
require a variety of computational skills and they vjere arrange 
in different ways— e.q. both vertically and horizontally. Aqain 
the intent v/as to stimulate pupil thinkinq over a range of compu- 
tational exercises and arrangements and to obtain records o 
examples of this thinking. 



The 37 exercises and the way they were arranged 
may be seen on panes 16-18 folloi-/ing. 



for the pupi 1 



Length of Interviews 

In general the interview with a single pupil did not extend 
beyond one class neriod of about ^5 to 55 minutes. During t e 
intervie\-» the pupil was allo>.%-ed, for the most part, to take as 
much tine as he wished on an exercise. Occasionally when it v/as 
apparent that a pupil v/as hopelessly confused with an exercise, 
he v/ould be moved to another to get examples of his thin.: mg on 
as v/ide a variety of exercises as time permitted. Many punils 
ran out of time before getting to the last 8 exercises with frac 
tions that called for comparisons based on concents rather than 
detailed computations. So not every exercise v/as tried by every 
puoil. The number of puoils who did not try each exercise and 
the number of right and v/rong answers are all Indicated on pages 
16-10. 



15 



19 



The principal investi 7 ator conducted all the interviews in 
the last four schools and most of those in the first two schools. 
In these first two schools » he v*as helped with a few of the intei — 
viev/s by a research assistant thorou( 3 hly familiar v;ith the studv'. 

Results 

Frequency of Right and Wrong Answers and Omissions 

The exercises are listed below and arranged just as they 
v/ere on the sheets used by the oupils. The number of right 
answers, the number of v/ronq ansv-/crs, the number of omissions, 

•and the percent of attempted exercises with right answers arc 
also i ncl uded. 

The ‘omit** category must be understood to include those 
exercises which v;ere not attempted because of limitation of time 
as v^ell as those which pupils chose not to try because of not 
knov/ing how to do them. Something of a combination of these 
reasons accounted for other omissions. For examole, v/hen a Duoi I 
used an especially long and tedious strategy for a particular 
exercise, the interviewer directed him to skip some of the 
remaining exercises in order to have him try some in each group 
representing the several operations. Perhaps the most helpful 
statistic in the table that follov-.'s is the one \*/hich sha'/s the 
percent of attempted ansv/ers that were correct ones. 






Add 




73 + 2k = 


160 


Gk 




21 


163 


703 




538 




291 




kjQ 


135 


Subtract 




S3 - 32 = 

ft < 


167 


•"6 


Ikk 


703 




322 


132 



Percent Attempted 
Exercises 'M th 



'rong 


0ml t 


Right Answers 


3 


0 


96 


7 


0 


96 


k1 


0 


77 


D 


0 


93 


32 


0 


.'’2 


k3 


1 


75 



ir> 
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Percent Attonnted 
Exercises "i th 





•Pjjijvt 


Wroncj 


Omi t 


Pinht Answers 


fiul tioly 


19 X 20 = 


123 


hi 


1 


73 


5B 


Zi 


121 


5h 


1 


69 


30l» 


506 


106 


62 


8 


63 


Divide 


27/FT 


]k2 


25 


5 


85 


l»8/93 


117 


1»0 


11 


71 


15/7580 (two schools) 


38 


21 


2 


C.h 




91 


52 


33 


61* 


Add 


3/l» + 5/2 = 


75 


31» 


17 


hi 


3/C + 7/8 = 


97 




31 


(1 


5 7/B + 2 1/2 = 


71 


56 


h? 


56 


2/3 + 1/2 = 


68 


hS 


59 


58 


Subtract 


3/l» - 1/2 = 

8 2/5 


38 


65 


23 


5° 


3/5 


90 


1»0 


i»6 


69 


7 1/2 - ^1 l/i» = (i» sch 


.) 22 


17 


76 


56 


5/8 - 1/3 = 


58 


i»l 


77 


59 


9 2/3 


5 7/8 (two schools) 


20 


2h 


17 


A5 


Piultiply 


2/3 X 3/5 = 


96 


57 


23 


63 


2 1/2x6= 


i»8 


62 


66 


Uk 


5 1/2 X 3/l» = 


30 


56 


P-2 


ho 



17 



21 





3i nh t 


’ 'ronn 


Oni t 


Percent Atcenoted 
Exercises ’.'i th 
ight Ansviers 


ni vi de 

S/10 T 3/10 = 


53 


35 


32 


111 


15 Vh i VU = 


31 


73 


72 


30 


C 5/10 T 3 = 


32 




55 


AO 


7/8 V 2/3 = 


31 


59 


86 


3A 


Vhich is larger? 
2/3 X 5 or 1 X 5 


Co 


38 


7S 


Cl 


3/2 X 6 or 1 X 6 


72 


IS 


85 


79 


17 7 5/8 or 17 ^ 1 




3'i 


96 


53 


17 7 5/2 or 17 + 1 


^»3 


29 


59 


62 


3 9/10 + 7/3 or 3 9/10 + 1 


1 


22 


70 


79 


8 5/6 + Hk or 0 5/6 + 1 


63 


37 


76 


63 


10 1/S - 7/8 or 10 1/5 - 1 


1 69 


25 


32 


73 


12 3/8 - 5/^ or 12 3/8 - 1 


1 56 


35 


85 


62 


There were no omissions for 


the three 


addition exercises 



with v;ho1e numbers and very few wrong ansv/ers for the first two. 
There were, ha-/ever, v/rong answers for the column addition of 
^ three-digit addends. 

There was only one omission for the three subtraction exercises 
with whole numbers. There were few (3) v/rong answers to the 
first exercise but considerably more (32 and ^3) for the other 
two subtraction exercises. 

There v;ere 10 omissions for the three multiplication exer- 
cises with whole numbers, and all three had a substantial number 
(^7, 5^, 62) of wrong ansv/ers. 

Considering only the 3 division exercises v»lth v/hole numbers 
that were used in all six schools, there were 52 omissions. All 
three exercises had a considerable number (25, 52) of v/ronq 

answers. 

It is significant that the number of wrong answers v/as 
greatest in division, the next in multiplication, the next in 
subtraction, and the least in addition. 
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13 



The onissions increased v/lth each exercise among the 

four addition exercises with fractions. A noticeaile fact is the 
0^* wrong answers for the first of these addition exercises 
3A + 1/2 * . 

Three of the subtraction exercises with fractions were used 
in all six schools. Another was used in the first four schools 
and v/as replaced by 0 2/3 ■ 5 7/8 in the last two schools. Anain 
it is noticeable that 65 pupils got a wrong ansv/er for the exer- 
cise 3/^ “ 1/2 = . The errors v/ere also quite high (2^») com- 

pared with the correct ansv/ers (20) in the two schools where tlie 
exercise 9 2/3 - 5 7/S vjas used. 

The substantially highest number of right answers among the 
multiplication exercises v;ith fractions v/as for 2/3 x 3/5: yet 
there vjere 57 wrong answers for this exercise. The first of the 
division exercises with fractions had the lamest number (35) of 
wrong answers and the smallest number (32) of omissions. These 

were the responses to 5/10 ~ 3/10 * . There were only 31, 32, 

and 31, respectively, right answers to the remaining three divi- 
sion exercises. 

It is to be noticed that the first exercise in each of the 
four operational groups with fractions had the fewest omissions, 
and that the number of omissions tended to increase with the 
remaining exercises in a group. This is explained in large part 
by the practice of the interviev;er to encourage punils to try the 
first exercise in each group, at least, if it appeared that time 
would not permit trying all the exercises. This meant, of course, 
that the faster and usually better computers tended' to be the 
ones who tried the latter exercises in each group’. 

There were eight exercises in thei^^Jnal gro^J?^^„upi Is v;ere 
asked to respond by simply placing a check mark in oire of the two 
blank spaces. Pencil and paper computation was discouraged 
although many pupils wanted to perform the operations in order to 
choose an answer thought to be correct. After an answer wes . 
checked for each exercise, the pupil vjas asked to say why he 
made the choice he did. This explanation v;as, of course, recorded 
and used in the analysis presented later in this reoort. The 
large numbers of omissions for these exercises resulted from the 
fact that they came at the end and many pupils did not get to \ 

them in the time available for the interviev;. This again means 
that this group of exercises were attempted by the faster and, 
usually, better computers in higher ratio than was the case in 
the earliest exercises. The highest number (31*) of r'ght answers 
in this group was in response to the question, which is lamer 
3 9/10 + 7/8 cr 3 9/10 + 1? Also this exercise had the smallest 
number of omissions among those in this group. This nrobably 
reflects the pfoctirr* of the iiitei vicivcr, folJoived in the later 



15 



23 



interviews of starting v/ith this exercise, since punils seemed 
to be able to interpret the comparisons based on addition better 
than those based on the other onerations. This exercise, then, 
tended to give the nuni 1 a better start with this proun of exer- 
cises tlian did those based on multiplication and followed by 
division. 



Strategies Frequently Used in Four Operations with 
■^'hole I'lumbers 

It is one of the assumptions of this study that computational 
strategies vary greatly among pupils in the seventh grade. This 
assumption is abundantly supported by the interviev/s, as will 
become clear in the remaining pages of this report. For this 
reason it is extremely (!?<^^irult, or almost impossible, to place 
these strategies in categories without obscuring the individual 
variations. Despite this fact an atteript was made in the analysis 
of the interviews to single out a few strategies that were fairly 
uniform in nature and high in frequency. A presentation of these 
frequent strategies follows. 

Counting was the most frequently used strategy in operations 
with whole numbers. There v/ere 93 pupils who used counting in the 
addition of whole numbers; 63 in subtraction of v^hole numbers; 
in multiplication of whole numbers and ^ in division of v/hole num- 
bers. Some pupils (51) used counting to add any digit; others 
( 37 ) used counting only in ''bridging' , as in If- +6. A fev/ (5) 
used counting to add large digits only, such as 7, 8, or 9. but 
did not need to count to add such digits as 1,2, or 3. 

'.(hen pupils use counting in an operation, many of then have 
some means of "keeping count'' of the counting, ‘'hen a nupil thinks, 
for example, Q + 8 = ? and says ’10, 11, 12, 13* 1^* 15, 1^', 17.' 
he is likely to have some means to tell him when to stop counting. 
Most pupils (^5) use their fingers for this purpose. Others (ll») 
make motions in the air with a pencil point. The motions are 
often made in pairs or in triples to help in keeping count. 

Sometimes Ok) dots or marks are made on scratch paoer. For 
example, in 8 + 7 a pupil may make narks in pairs like this as 
he counts the 7 on to the S Hi*. Less frequently the marks 
assume no pattern. For 8+7 the pupil merely makes marks like 
this /////// as he counts 9, 10, 11, 12, 13, 14, 15. Other pupils 
do not reveal their scheme for ‘keeping count" of their counting. 

"I count in my mind'' is an explanation given. It is quite likely 
that some of these pupils do in fact use their fingers but are 
reluctant to reveal the practice. Many times in the intervieiris 
this reluctance to reveal "counting on my fingers" v;as apparent. 
Somehow pupils had developed the attitude that if you "count on 
your fingers" you should keep it to yourself. 
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Of the 63 oupils v/ho used counting In subtraction of \»hole 
numbers, 2S used It v*/lth any dl^iit, and 37 used It in brldr^inp 
only/ as in 16 - It Is Interesting that pupils counted 

from the subtrahend to the minuend to get a difference. For 
3 *3, for example, a oudM v/ould say 5$ 1% 

ansv/er Is 6‘‘--probably accumulating the 6 on his fingers as he 
counted* There were 17 pupils who counted backwards from the 
minuend to the subtrahend. For example, for 13 “ ^ 9 pupil would 
say 13, 12, 11, 10, 9, the answer Is 5‘— again having very 
likely accumulated the 5 on his fingers as he counted. 

Surprisingly there were 63 pupils who used counting in the 
multiplication of v^hole numbers. Often (31) counting was used in 
deriving an u^kno^''n combination from a f;no\^/n one. For example, a 
pupil v/ho did not knov; the combination 7x8- ? in some instances 
said *7x7= ^9, 50, 51, 52, 53, 5^, 55, 56*‘--stopplnq with 56 
when he had counted 7 finoers on to 49. In other cases the ou^i 1 
started with 7x5= 35 and counted over 7 fingers 3 times like 
this *76, 37, 38, 39, ^0, ^il , 42 : 43, 44, 45, 46, 47, 48, 49 : 

50, 51, 52, 53, 54, 55, 56.’ There were 31 nupils who continued 
to count when addition was necessary in multiplication, 
example, in the oroduct 53 a ounil might say *’5 times ^ is 40, 

75 ^ - nx 

put down your 0 and carry the 4 (writing it above the 5 of 5''*), 

then 5 X 5 = 25 : 26, 27, 23, 29.* Counting was also used In 
adding partial products by 25 pupils. 

A small number (4) of the pupils interviewad used counting 
to obtain a quotient figure. For example, in 27/ST one punil 
wrote 81 marks on scratch paper, counted off three grouns of 27 
marks each and decided that '*27 goes Into 31 three times. The 
next exorcise \*/as 4‘3/?3» This same pupil extended the •-» marks 
to 93, counted off 43, then tho- 45 left, and decided that **43 
noes into 53 one time with 45‘ left over.** Pupils continued to 
use counting as in addition end subtraction when these operations 
were needed In a division exercise. 



Some strategies, other than counting, which v/ere frequently 
used are next described. One of the three addition exercises 

v/ith whole numbers was arranged like this: 73 + 2^ = . 

Sixty-five pupils first rewrote this exercise vertically. 
Thirteen of those who found the sum without rev/riting added the 
tens first. That is, 73 + 24 became *7 + 2 is 9 and 3 + 4 Is 7/ 



b'lth high frequency (74) pupils chose, or made, doubles to 
add. In 64 + 78, for example, pupils would say **8 and 4 are 12 ; 
6 and 6 are 12, plus 1 is 13, olus 1 (carried) Is 14. In column 
addition, where the digits In the one’s column were n + P + 1 + 8 



pupils v/ould say ' .• and F are 



16 . 



26'' or "S + S is 16 , + 1 is 17, + 9 



1 is 17, 
is 26." 



+ i is 18, + 8 IS 
Another strateny i 
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addition of whole numbers was to v/ork for combinations of ten, 
or multiples of ten. This was done by skipping about in a column 
to find two or more addends with a sum of 10 (50) , or by sub- 
dividing addends to make suns of 10, such as 7 + 5 becoming 
5 + 5 + 2. Sometimes two strategies were used as in + C + 1 + 
which would become '3 + 1 is 10, 8+3 is 16; and 10 + 16 is 26." 
Other variations in column addition meant starting with the 
larger digits in the column (25 pupils), or in some other way fol- 
lowing a sequence of addends that was not straight up or dov/n the 
column (102). Another interesting practice appeared in adding 
the column 9 + *3 + 1+3 which became 17 + 1 = 18 and IS + 3 * 7 
In 73 cases this v/as written on scratch paper aside as 18 and the 

8 

pupil said "8 and 8 is 16, 1 and 1 is 2, the answer is 2F.'' In 
33 other cases this was done mentally, without writing the addends 
separately. In 55 cases pupils added the carried digit in some 
order other than first or last. That is, this carried digit v/as 
worked into the sum whenever the pupil found it most convenient 
in his thinking. 

In the subtraction of whole numbers there was one exercise 

arranged like this, 93 " 32 = . There v/ere 82 puoi Is v/ho first 

rewrote this exercise vertically before subtracting. In recent 
years most pupils have been taught that subtraction is the inverse 
of addition. That is, 13 " 8=7 really asks the question 
8 + 7 = 13 . So when a pupil must subtract 06 he should think 

!*1 

"9 and 7 is 16; 4 and 3 is 7." Only 27 pupils interviewed shaved 
this pattern of thinking. A much larger number (123) of pupils 
regrouped quite mechanically. For example, a pupil in the exer- 
cise; Subtract 06 would say "mark out the 8, make it a 7: make 

, !*1 

the 6 a 16 " or "take one from 8, add it to the 6." Usually the 
rewritten exercise would look like this. 7^ 1 ^ There v/ere 

p_ 

89 pupils who thought of regrouping for subtraction as borrowing. 
Seventy of these shov/ed the borrowing by rewriting the exercise, 
while 19 kept the borrowing "in mind." Only k pupils thought of 
the regrouping as changing a hundred to tens and a ten to ones as 
in subtract 708. These pupils would say something like this '7 

329 

hundred become 6 hundred, 0 tens becomes 10 tens: then 10 tens 
become 9 tens and 8 ones become IG ones." 

A surprising use of quite puzzling vocabulary appeared in 
the subtraction exercises. Here are some examples in the exer- 
cise: subtract 06 ''6 can't go into 9: 6 subtract from 9 will be 

3.' "You can't take 6 from 9 so you borrow 1." 
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Some examples in the exercise: 



subtract 



703 are: 
329 



"9 subtract 8. leaves 1': 

“9 won't go into 8: 2 won't go into 0; 3 poos into 7. four 
times, answer IjOO.” 

'*9 from 0 are 1 ; you can't take 2 out of 0 so borrow 1 
from 7»‘ 

''9 minus 8 = 1 and 0 can't go into 2, so I borrow 1." 

There were 69 pupils ivho used such "confused vocabulary" in 
the subtraction exercises. 

The first multiplication exercise was arranged this way; 

19 X 20 = . There were 1^8 pupils who first rev/rote the exer- 

cise vertically, some placing the 19 on top, others placing the 

20 on top. The partial products were derived and written in many 



f ferent 


v/ays . 


Here 


are some 


examples of 


the wri tten 


work. 


20 . 


19 


20 


18 


19 19 


1 ? 19 


19 


19 


20 


19 


20 


20 20 


20 20 


20 


TW . 


00 


1^0 


00 


“3800 19 


2iff "■'od' 


20 


20 • 


38 


200 


380 


28 


00 218 




350 .‘ 


3B0 


w 


w 


299 


TiTf YfM 





Other examples appear in the later analys*? of wrong answers. 

There were only 7 pupils v/ho, without rev/riting the factors, 
wrote the product 300, thinking simply '2 x 19 * 30 and add 0.' 

A strategy used in finding the product 58 has been illus- 

75 

trated in earlier notes on addition strategies. It involved 
deriving an unknoivn combination from a known one. Usually this 
strategy v/as used with the product 7x8. A punil would say 
‘■8 x 5 = ^0, + 8 is ^8, + 0 is 56, "or he would say ''7 x 7 = ^9; 

+ 7 = 56." There were ^5 pupils who relied on this strategy in 
this particular exercise. 

In the exercise: multiply 30^ there vjere 101 pupils who 

506 

arranged the partial products this way 1 S2A. Thirty-six 

000 

1 520 

others used a variety of other forms illustrated as follows. 



182^1 


I 82 A 


182A 


1324 


1824 


1 52000 


0000 


15200 


0000 


1520 


102^1 
0000 
1 52000 


I 52 AOOOO 


1824 

0000 

15200 

23 


1320000 





In the division exercises there v;as little evidence in the 
vocabulary used by the punils of thinking of division as the 
inverse of multiplication. For examole, in the exercise 27/8T 
there was very little thinking in the pattern 27 x ? = Bl . Much 
more frequently the thinking was expressed in such words as; 

'27 divided by 8l''; "27 goes into 8l": "How many 27's in Pi"; 

"put 27 into 8l"; "27 into 81"; there were 155 pupils who used 
such a pattern of thinking in the division exercises. 

To find a digit in the quotient 29 pupils added the 27 
divisor aside. Thus for the exercise 27/^ a pupil might 27 
add like this, or he would estimate the quotient to be k ^ 

and check by adding a column of four 27's. 27 

BT 

A quotient digit was more often (79) chosen quite arbitrarily-- 
usually too small--and checked by multiplication, aside. If the 
first product did not seem suitable, another digit v/as tried and 
another product derived. In the exercise for example, 

the divisor might be multiplied separately by 3, 5, 7, 8, 

and 9 before deciding that the first quotient digit should be 8. 
There were 29 pupils v/ho chose a quotient digit and checked by 
repeated multiplication, aside. There were 123 puoils who, 
with at least one of the division exercises, estimated the 
quotient digit in some fashion and then tested their estimate by 
multiplication, aside. As will be seen in the reporting of wrong 
answers later, these estimates were made in a variety of ways. 



Strategies Frequently Used in Four Operations 
wi th Fract i ons 

Among the four exercises in addition of fractions, all were 

arranged horizontally like this: 3/k + 5/2 = , 3/P + 7/8 = 

, 5 7/8 +2 1/2 = , 2/3 + 1/2 = . There were 90 pupi Is 

who first rewrote one or more of these vertically before attempt- 
ing to find a sum. In the case of 5 7/8 + 2 1/2, there were 98 
who added the whole numbers and fractions separately while 17 
first changed the mixed numbers to improper fractions and then 
virotewith common denominators. As would be expected, most of 
the pupils (97) v^ho tried the addition of fractions, Nrst 
rewrote them as equivalent fractions with common denominators; 

20 of these kept the horizontal form of the exercise. The 
incorrect practice of adding numerators for the numerator of the 
sum and the same with denominators was used by 62 pupils. A 
smaller number (lO) added numerators and placed the sum over the 
larger denominator of the fraction addends, as in 3/^» + 5/2 = 

8/ A, and 6 pupils added numerators but multiplied denominators 
as in 3/^ + 5/2 = 8/8. 



The subtraction exercises v'ith fractions numbered five. 

Three were arranged horizontally like this: “ 1/2 = , 

5/0 - 1/3 = ,71/2-41/4 = . The last of these was used 

in only fourTchools. The other two subtraction exercises were 
arranged vertically like tills: 8 2/5 , 9 2/3 • The latter 

4 3/10 5 7/3 

was used in only two schools. Again nany punTTs T94) first 
rewrote the horizontal exercises vertically. The whole numbers 
and fractions of mixed numbers were subtracted separately by 120 
pupils v/hile 4 first changed to improper fractions. There were 
98 who converted to equivalent fractions with common denominators 
before subtracting. The incorrect practice of subtracting 
numerators for the numerator of the difference and the same for 
denominators, as in 5/8 - 1/3 ® 4/5, v/as used by 49 pupils. The 
exercise 9 2/3 “ 5 7/8 was usually rewritten as 9 lf»/24 - 5 21/2 1 = 

, then pupils "borrowed 1 from 9” and 38 of them correctly 
Tev/rote the 1 as 24/24 and added to 16/24 for 40/24, but 12 pupils 
'•added the 1 to 16" by making it 26 for 26/24. 

All three of the multiplication exercises v/ith fractions 

were arranged horizontally like this: 2/3 x 3/5 = t 

2 1/2 X 6 = ,5 1/2 x 3/4 = . There v;ere 85 puni Is who 

correctly mu*l tipi led numerators for the numerator of the product 
and the same for the denominators; two pupils first wrote equiva- 
lent fractions as in 2/3 x 3/5 = 10/15 x 9/15 = 90/225. Mixed 
numbers were rewritten as Improper fractions first, as in 
2 1/2 X 6 = 5/2 X 6/1, by 38 pupils. In this same exercise, ho\«r 
ever, 29 pupils multiplied the whole numbers and simply affixed 
the fraction for a product, as in 2 1/2 x 6 = 12 1/2, and 7 
pupils found the product this way 2 1/2 x 6 = (2x6) (1/2x6) = 

12 + 3 = 15 . 

In the product of a mixed number by a fraction, 32 puni Is 
rewrote the mixed number as an Improper fraction first as in 
5 1/2 X 3/4 = 11/2 X 3/4 = 33/-8, while 30 pupils incorrectly 
multiplied the fractions and affixed the whole number for a 
product, as in 5 1/2 X 3/4 = 5 3/8. Another incorrect practice 
of writing equivalent fractions with a common denominator and 
then multiplying the numerators written over the common 
denominator for a product, as in 2/3 x 3/5 ® 10/15 x 9/15 “ 

90 / 15 , was used by 31 pupils. Interestingly there were 5 nupils 
who wrote the reciprocal of the second factor and multiplied the 
resulting fractions as in 2/3 x 3/5 = 2/3 x 5/3 “ 10/9. 

The four division exercises were all vvritten horizontally, 
like this: 9/10 T 3/10 = , 15 3/4 t 3/4 = , 6 9/ 0 , 3 » 

7/3 T 2/3 * . There were 36 pupils who correctly wrote 

the reciprocal of the divisor and multiplied as in^7/8 t 2/;» 7/' 

X 3/2 = 21/lG, and there were 5 pupils who multiplied numerators 
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and denominators v/ithout first writing the reciprocal of the 
divisor, as in 7/8 7 2/3 = 1^»/2A. The most frequent (65 pupils) 
Incorrect practice was to dividt. numerators and place the quotient 
over the common denominator, as in 9/10 t 3/10 = 3/10. There 
were A6 pupils who v/rote mixed numbers as improper fractions 

before dividing, as in 15 3/^ t 3/k » , 63/l» t 3/A = and 

36 pupils who wrote equivalent fractions with a common denominator 
and divided numerators, as in 7/8 f 2/3 =» 2\/2k 4 16/2A = 1 5/16. 
ftany, who followed this practice, made the final division incor- 
rectly and wrote a quotient of 1 5/2A. In dividing a mixed num- 
ber by a fraction, 46 pupils incorrectly divided the fractions 
and affixed the whole number for the answer, as in 15 3/^ 4 3/^ = 
15 1/1 = 16 . In dividing a mixed number by a whole number 26 
pupils divided the whole numbers and affixed the fraction, as in 
6 9/10 43=6 3/10, vthi le 3 pupils correctly divided the whole 
number and then the fraction, separately, by the whole number, as 
in 6 9/10 43 = 2 + 3/10 = 2 3/10. 



I f a pup i 1 
described here, 
1 

2/2 X 2/5 
1 



followed the rather conventional strategies 
he might have “cancelled" as indicated. 

3 

= 2/5 : 2 1/2 X 6 = 5/Z X {5/1 = 15 

1 



3 1 

9/10 4 3/10 = 5J/;0 X /0/3 = 3 
1 1 
21 1 

15 3/A 4 3/A = 03/H X fi/2 = 21 
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6 9/10 4 3 = 02/10 X 1/3 = 23/10 



Only 33 pupils used such cancellation strategy and 30 of 
these were in two schools. It must be remembered that many 
pupils did tlie multiplication and division exercises incorrectly 
and, therefore, never ivrote them in a form where cancellation was 
useful. Even among the successful pupils, such practices as the 
fol lov/ing were followed. 

2/3 X 3/5 = 6/15 = 2/5 

15 3/A 4 3/A = (15 X A/3) + (3/A x A/3) = 60/3 + 12/12 = 
2A0/12 + 12/12 = 252/12 = 21 

2 1 / 2 x 6 = 5/2 X 6/1 = 30/2 

6 9/10 43= 69/10 • 1/3 = 69/30 

15 3/A 4 3/A = 63/A x A/3 = 252/12 
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Mature of Wrong. Answers--V/hole numbers 



There were 2173 possible answers to the 13 exercises with 
whole numbers by the 1 7C pupils interviewed (one exercise v/as 
used in only 2 schools with 61 pupils). Of these possible answers 
1658 ( 76 ?;) v/ere right; AA9 (21^) were wrong; and 66 {3Z) v/ere 
omitted. Each wrong answer and a detailed account of how It was 
derived appears in Appendix A. It is hoped that the reader will 
read many of the explanations of how these wrong answers were 
derived for then it will become apparent how widely they vary-- 
both numerically and in method of derivation. This variation 
again makes it clear how impossible it is to classify these 
methods of derivation into categories without destroying the^ 
idiosyncracies . ‘levertheless the follov-/ing general observations 
are offered with the hope that the reader v/i 1 1 form his ov/n list. 



1. Many combinations were recalled incori'ectly in addition, as 
in '-S + 8 = 18, + 1 = 19 and 8 is 27,” or '7x8= 63,”or 
”8x5= 35,” or '7x8= A3.” The same was true in each of 
tlie other operations. 

2. V/hen counting v/as used pupils often lost count of the 
counting as in counting 9 on to 17 in 17 + 9 and getting 25, 
or in ”7 X 8 = 57 (7 x 5 = 35; 7 x 6 = A2; 7 x 7 = ^9 r 50, 
51, 52 , 53, 5^, 55, 57, 57”). 

3 . Many pupils failed to add the carried digit even when it was 
written above the top digit in the column to the left. 

4. Sometimes the wrong digit v/as carried from the sum of one 

column to the next as in ''2 + 3 = 5, + 9 = l^i + 7 = 21, put 

dov/n the 2 and carry 1.*' 

5 . Intending to add, a pupil may have, in fact, multiplied as 
in ”7 + 2 is lA, + 5 is 19, + 2 is 21, + 4 is 25.” 

Subtraction 

6. Some puoils intended to subtract but in fact divided as in 
93 - 32 ', ”2 from 3 is 1; 3 from 9 is 3.” 

7 . A wrong order was often used in subtraction as in 86 - 49, 

a pupil would say ”9 minus 6 is 3; 0 - 4 is 4” or ”9 from 

6 leaves 3 and 4 from 8 leaves 4” or in 7^8 - 329 a pupil 
said ' 9 from 8 is 1 ; 2 from 0 is 0; 7 from 3 is 4." 



Add i t i on 
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8. A pupil would tihink to borra>/ to increase a dipit but not 
reduce the digit from which borro>-/ed, as in 

’16 -9 = 7 (counting); R - 4 = i*. ' 

9. "hen borrowing, as in 703 - 329, a pupil night borrow twice, 
once to make 0 a 10, and again to make C an 18, leaving the 
7 as 5. 

10. Some pupils borrov/ed from the tens column only, v/hcn they 
should have borrowed from both tens and hundreds columns, as 
in 708 - 329, rewrote 702 as 7-9-18, th.*n "IR from 9 is 9: 

9 from 2 is 7; 7 from 4 is 3." 

11. Other pupils borrov/ed from the hundreds column only and 
rewrote the tens digit incorrectly. As in 708 - 329; 
rewritten as 6-10- 10. Then I8 - 9 = 9; 10 - 2 = 8; 6 - 3 = 3. 

12. The minuend was rewritten simply by affixing ones where 
needed, as in 703 - 329 which became 7-10-18 for 708 and the 
answe r v/as 18-9=?; 10-2 = 3 ; 7~3=^. 

Multiplication 

13. The ones digit was multiplied by the ones digit and the tens 

digit by the tens digit only, as in 19 x 20 = , rewritten 

as 19, then "0x9=0 and 2x1=2" answer 20; or 58 

20 x_7_5. 

"5x8 = 1*0; 7x5 = 35, + ^ = 39. '/ritten as a single 
product 390. 

1^. The carried number was not included in the partial product, 

as in 19 X 20 = , rewritten as 19 , then "0x9= 0; 

20 

0 X 1 = 0; 2 X 9 = 18; 2 X 1 = 2."' 

Throughout the remaining pages of this report a blank space 
or blank spaces after a numeral indicates an indentation in 
the arrangement of a partial product. For example, oartial 
products 182^*, 000, and 1520- were arranged by the puoil this 
v/ay 182^* or partial products 182^*, 000- , 1520 — were 
000 
1520 
TTO^ 

arranged this v^ay. 182^* 

000 

1520_ 

V5l]52flr 
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15* Place value of partial products was confused as in 19 
"0 X 9 = 0: 0 X 1 = 0- 2x9= iO: 20 

2 X 1 = 2, +1 = 3.‘ 3’^ 

Or in 30i| "6 x 301* = lC2l*: Ox 301'. = 000- 5 x 30l* = 1520- 

5p_6_ 

for sum 17021*. 

lf>. The wrono product was written v/hen one factor was 0, as in 

19 X 20 = ; ‘ 0 X 9 = 9; 0 X 1 = 1 ; 2 x 9 = 18; 2 x 1 = 2, 

+1 = 3." Puni 1 wrote 38“ under IS for sum of 399. 

17. A mul tipi ication fact was recalled incorrectly as 7 x S = 5 I*, 

in 5G X 75 "8x5= 1*0; 5 x 5 = 25, + 1 * = 29; 7x8= 5 I*: 

7 X 5 = 35, + 1* = 1*0." Then 290 + l*0l|- = 1*330. 

18 . One of the digits in the multiplier was not used in finding 
the product, as in 30l*; only two partial oroducts 6 x 30 A = 

x50_6 

1821*; 5 X 301 * = I 52 O-. Sum 1702A. 

19. Partial products were found correctly but errors were made in 
adding them, as in 53 5 x 585 = 290; 7 x 58 = 1*06- for sum 

^75 

1*3’50 , said "9 + 6 = 16' in adding partial products. 



Di vi sion 

20. A remainder was interpreted v/rongly as in 27/3T; 8l 27 = 3; 

3 X 27 = 81; 8l_“ 81 = 0; '*27 won't go into 0, so answer is 
30 "; or in AC/ST "A8 goes into 93 one time; 1 x 1*8 = 1*8; 

93 - /»0 = /»5; 48 can't go into 1*5; put 0 up; 1*5 - 0 = A5' 

for answer 10 Rl*5. 

21. Long division' was confused with "short division' as in 

27/ST; "2 goes into 8 four times; 2 x 4 = 3. Then 81 8- = 

01: 2 won't go into 1" so answer is A 81. Or in 48/93 

goes into 9 two times; 4x2=8; 9 “ 8 = 1; bring down 3; 

3 goes into 13 one time; 8x1= 8; 13 “ 3 = 5" answer 21 R5. 

22. Quotie nt d igit v/as multiplied by the divisor incorrectly, as 

in "'3 x 71 * = 572" (8 x 4 * 32; 8 x 7 = 5^, + 3 = 57) . 

23 . Errors ivere made in repeated multiplications to find quotient 

digit, as in decided Ik goes into 61*8 seven times, 

then 7 X 71 * = 658 (thought 7 x 4 = 28 and 7 x 7 = 5^ , + 7 = 
63). 

24. Derived an answer before oneration v/as complete, as in 
7l*/^i*o4 , ' 7 I* goes into 648, eight times; 648 - 592 = 56,' 
so answer is 8 R56. 
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25. by repeated multiplication tried incorrectly to de rive entire 
quotient instead of one diqit at a time, as in 

multiplied Ik by 12, by 2^, by 52 and by 61. Cliose 52 for 
quotient “because is closest to then Ck^k - 

38^8 = 2636. Placed 273^> (incorrect product of 7k x 61) 
under 2636. Then 2636 - 273^ = 102. Answer 5261 R102. 

26. P 1 ac e va l ue was handled incorrectly in the quotient, as in 
15/7590-, “15 goes into 75 five times 75 ■ 75 = 0-, bring down 
your 9; 15 won't go into 9 so bring do»*;n.O; 6 x 15 = 90“ so 
answer is 56. Or 15 into 75 five times* 75 ■ 75 = 0 “15 
won't go into 0 so bring down 9*> 15 v/on't go into 9 so bring 
davn 0; 15 into 80 goes 6 times: SO - SO = 0; 15 into 0 zero 
times' so answer is 560. 



ilature of l/rong Answers- -Fractions 

There were 2640 possible answers to the 16 exercises in com- 
putation with fractions by the 176 pupils i nterviev/ed . (dne 
exercise was used in only four schools with 115 pupils and another 
in only two schools v;i th 61 oupils.) Of these possible answers, 

924 (35^) were right; 865 (33^) v/ere wrong: and 85I (32%) were 
omitted. F.ach of the wrong ansv'/ers and a detailed account of hov/ 
it v/as derived appears in Appendix B. First it should be observed 
that the performance v/i th fractions was much below that with whole 
numbers. There was a lower percent of right answers, a higher 
percent of v>/rong answers and a higher percent of omissions. The 
higher percent of omissions is explained, in part, by time limi- 
tations v/hich meant that some of the later exercises in the total 
set could not..6e completed in the time devoted to an interviev/. 

Again' the. reader will observe great variations in the 
answer^-', and flveir derivations, for the fraction exercises. There 
were, /iiov/ever ,; many more common wrong answers, and like derivations, 
for f,f.actipns than for whole numbers. Some observations are 
offered belar/ regarding the wrong answers and their derivations 
with the fraction exercises. Again the reader is urged to examine 
carefully Appendix B to get a clearer idea of the nature and 
derivation of these answers. 

Add i t i on 

1. A prevalent practice was to add numerators and place the sum 
over one of the denominators or over a common denominator, 
as in 3/4 + 5/2 = 8/4 ''5 + 3 “ 8. You don't add the bottom 
numbers because 2 will go into 4." 

2. The most prevalent practice in adding fractions was to add 
numerators for the numerator of the sum and the same for the 
denominators, as in 3/4 + 5/2 = 8/6 or 3/8 + 7/8 = 10/16. 
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3. Many errors v/ere made as pupils undertook to write equivalent 

fractions with common denominators, as in 3/4 + 5/2 = : 

chose 4 as C.O. Then, for 3/4, ‘4 times 1 equals 4 and 

1 + 3 is 4," so 4/4: for 5/2 "2x2 = 4 and 4x5® 20,' so 
20/4; or 8/8 for 7/C ("8 into C one time and 1 + 7 ® 8). The 
some thing v/as done in the other operations. 

4. Several relatively large v/hole number answers were a sur- 
prise, as in 3/4 + 5/2 =86 (5 + 3 = 8; 4 + 2 = 6) or 

3/4 + 5/2 = 59 ("4 and 5 is 9’ 3 and 2 is 5 ') , or 3/8 + 7/8 = 

26 ("7 over 3 is 15: 3 over 8 is 11; 15 + 11 ® 26"). 

5. The numerator and denominator of one fraction were added for 
the numerator of the sum, and the same wi th the second frac- 
tion for the denominator of the sum, as in 3/8 + 7/8 = 

11/15 ("8 and 3 is 11; 7 and 8 is 15"), or 3/4 + 5/2 = 7/7 

("3 + 4 = 7; 2 + 5 = 7") , or 2/3 + 1/2 = 5/3 ("2 + 3 = 5; 

2 + 1 = 3 ") . 

Subtraction 

6. As in addition, a very prevalent practice was to subtract 

numerators for the numerator of the difference and the some 
with denominators; as in 3/4 - 1/2 = 2/2 (3 “ 1 = 2; 

4 - 2 = 2) ; or 8 2/5 - 4 3/10 = 4 1/5 (8 - 4 = 4: 3 - 2 =1; 

5 from 10 is 5) , or 7 1/2 -41/4=30/2 (7 - 4 = 3; 

1 - 1 = 0; 2 from 4=2), or 5/8 - 1/3 = 4/5 (1 from 5 is 
4; 3 from 8 is 5) . 

7. In writing equivalent fractions, some pupils divided a 
denominator into the C.D. and added this quotient to the 
numerator of the original fraction for the numerator of the 
equivalent fraction, as in 3/4 = 4/4 (4 goes into 4 one time; 
3+1 = 4). Others subtracted for the nev/ numerator, as in 
5/8 = 2/24 ("3 goes into 24, three times, 3 take away 5 is 
2"). 

8. As in addition, some surprising whole numbers were derived 

for answers, as in 3/4 - 1/2 = 22 ("2 take away 4 is 2; 1 

take away 3 is 2") , or 8 2/5 - 4 3/10 = 394 ("2 over 5 

would leave 3; 3 over 10 would leave 9; 4 from 8 would leave 
4 '), or 7 1/2 - 4 1/4= 133 ('1 over 2 leave 1; 1 over 4 
would be 3; 7 from 4 would leave 3*'). 

9. There were cases of the wrong use of borrowing, as in 1 2/5 - 
4 3/10 = 3 9/5 (borrowed 1 from 8; made i t a 7; changed 2 

of 2/5 into 12.; then 7 12/5 - 4 3/10 = 3 9/5), or 8 2/5 - 
4 3/10 = 3 1/10 (wrote 4/10 for 2/5 and 4/10 for 3/10; "you 
can't subtract 4 from 4, so you borrow 1 from 4 [remainder 
from 3-4] make it a 3." Made first 4/10 into 5/10, then 



5/10 - 4/10 = 1/10. 
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10. A frequent error in writing equivalent fractions v/as to 
choose a C.D. ; use it for the denominator of the nev/ fraction 
but retain the numerator of the old fraction; as in 5/3 = 

5/2i» and 1/3 = l/2i«. 

11. The borrowed number was used incorrectly as i n 9 ?/3 5 7/8 

rewritten as 9 16/2^ - 5 21/2^. Then 3 2(:/?.h - 5 21/2^». 

I'lul tipi i cat ion 

12. Many pupils first wrote equivalent fractions, unnecessarily, 
and then Incorrectly multiplied numerators and placed the 
product over the C.D. , as in 2/3 x 3/5 = 10/15 x 9/15 = 
90/15, or 2/3 = 7/15 ("3 goes into 15 five times; 5 + 2 = 7”) 
and 3/5 = 6/15 ("5 goes into 15 three times; 3 + 3 = 6''). 

Then 7/15 x 6/15 = ^6/15 because 6x7 = ^i6, or 2 1/2 x 6 = 
5/2 X 12/2 = 60/2. 

13. Here, as in addition and subtraction, surprisingly large 
v\/hole numbers were derived as products, as in 2/3 x 3/5 = 

100 ("2 X 5 = 10, put down 0 and carry 1; 3 x 3 = 9, + 1 = 

10. Answer 100”), or 2 1/2 x 6 = 120 (wrote vertically with 
6 belov^ 2 1/2. Then '‘0 times 1/2 = 0; there is nothing 
under 1/2 so multiply by 0; 6x2= 12, answer 120'), or 
2/3 X 3/5 = 615 ("2 x3 = 6;3x5 = 15”). 

li*. In all the operations there were examples of correctly 

derived answers vjith errors introduced with conversions to 
simpler form, as in 2 1/2 x 6 = 5/2 x 6/1 = 30/2 = 15/2 ("2 
goes into 30 fifteen tines, and the denominator is 2”), or 
2/3 X 3/5 = 2/3 0'2/3 X 3/5 = 6/15, to reduce divide by 3/3; 
6 goes into 3 two times; 15 goes Into 3 three times, so 
that'll be 2/3'*). 

15. Some pupils wrote the reciprocal of the second factor before 
multiplying, as in 2/3 x 3/5 = 2/3 x 5/3 = 10/9, or 2 1/2 x 

6 = 5/2 X 1/6 = 5 / 12 . 

16. In a mixed number times a fraction the fractions v/ould be 
multiplied and the whole number affixed, as i n 5 1/2 x 3/^ = 

5 3/8 ("1 X 3 = 3; 2 X ^* = 8; brino over 5"), or in 5 1/2 x 
3/^ = 5 3/2; 5 1/2 = 5 2/i» and 5 2/i* x 3/^ = 5 C/k = 5 3/2. 

17. In a mixed number times a whole number the whole numbers 
would be multiplied and the fraction affixed, as in 2 1/2 x 

6 = 12 1/2 ("6 X 2 = 12, bring over 1/2”). 



ER?C 
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Division 



18. As in multiplication a iviclely used practice was to divide 
numerators and place the product over the C.D. , os in 9/^0 r 
3/10 * 3/10, or even in 7/f5 t 2/3 = 3/2 ("2 goes into 7 
three times; 3 goes into 8 two times'^, or 15 3/^ t 3/^ = 

63/'» •> 3/4 = 21/4. 

19. After writing equivalent fractions errors v/ere nado in 
dividing numerators, as in 7/3 v 2/3 = 21/24 v 16/24 = 

1 5/24, or 21/24 f 16/24 = 1 R5. 

20. In dividing a mixed number by a v/hole number the whole num“ 
ber was divided by the whole number and the fraction was 
affixed, as in 6 9/10 t 3 * 2 9/10. 

21. In dividing a mixed number by a fraction, the fractions were 
divided and the v/hole number affixed, as In 15 3/4 " 3/4 = 

15 1/4 ("3 f 3 = 1, bring over 15, the answer is 15 1/4"), 
or 15 3/4 V 3/4 = 16 ("3/4 f 3/4 = 1, bring over 15 and 

15 + 1 = 16''). 

22. numerators of like fractions were multiplied instead of 
divided, as in 9/10 v 3/10 = 27/10 ("the denomi na tor would 
be 10; 3 X 9 = 27, and 27 would be numerator"), or in 

15 3/4 3/4 = 15 9/4 ("bring over 15; 3 x 3 = 9; bring 

over 4") . 

23. Numerators and denominators v/ere multiplied v/1 thout writing 

a reciprocal of the divisor, as in 6 9/10 v 3 = 69/10 x 3/1 - 
207/10. 



Reasons Given for \/rong Answers to Comparison 
Exercises with Fractions 

There were 1408 possible answers to the eight comparison 
exercises wi th fractions. Of these, 498 (35^) v/ere right answers; 

239 (17^) were wrong answers; and 671 (48%) were omitted. Here, ^ 
as in the other fractions exercises, the large number of omis- 
sions resulted, for the most part, from the limitation of time 
which meant that some pupils did not get to try the final exer- 
cises during the time devoted to the interviews. It may be more- 
significant to note that of the 737 answers to exercises attempted 
68% were right and 32% v/ere wrong. Moreover, it is true that 
many right ansv/ers were chosen for wrong reasons or because the 
wrong reasons happened to produce a correct choice in one instance 
and a wrong response in another. An example of this may be seen 
in the following pupil's choices and reasons. 
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\/hich is larger? 



y 


2/3 X 5, or 


1 X 5 


"2/3 


IS 


greater 


than 


r 


y 


3/2 X 6, or 


1 X 6 


"3/2 


IS 


greater 


than 


1" 




17 •> 5/8, or 


17 V 1 


■;/8 


IS 


greater 


than 


1 ' 


y 


17 : 5/2, or 


17 f 1 


•5/2 


IS 


greater 


than 


1" 




3 9/10 + 7/8, or 3 9/10 + 1 


"7/8 


is 


greater 


than 


r- 


/ 


8 5/6 + l/h, or 


8 5/6 + 1 


"Hh 


is 


greater 


than 


1" 


y 


10 1/9 - 7/8, or 10 1/9 - 1 


"7/8 


i s 


greater 


than 


1" 




12 3/8 - 5/A. or _ 12 3/8 - 1 


"5/'» 


is 


greater 


than 


1" 



Another example Is another pupil's correct choice for a faulty 
reason. 



’/hich is larger 3 9/10 + 7/8 or _/ 3 9/10 -!• 1 

"3 8/10 + 7/8 =39 + 7 = 3 16/18 and 3 9/10 + 1 would be V 
10 + 3 

Still another example appears in this pupil's two responses. 

Which Is larger j/ 17 f 5/8 or 17 f 1 ? 

"17 V 5/8, you come out with a mixed number" 

Which is larger 17 v 5/2 or 17 f 1 ? 

"17 T 5/2, you come out with a mixed number." 

There were really two comparisons necessary isi these exer^ 
cises. First the pupil needed to decide whether the fraction was 
larger or smaller than 1. Then he must decide the effect on the 
operation of the relative value of the fraction and 1. For 

example in the exercise: which is larger 17 v 5/8 or 

17 T 1 ? , a correct choice could involve the decision first 

that 5/8 is less than 1 and then the decision that dividing a 
constant by a smaller number produces a larger quotient. Among 
the wron'’ answers, some pupils made the first of these decisions 
incorrectly; others made the wrong second decision; still others 
made both decisions wrongly. Some examples of these and other 
reasons for wrong answers follow. 

1. The fraction and the 1 were incorrectly compared. For 
example a pupil may decide that all f ractions-“proper and 
improper — are less than 1, or that they are all greater than 
1, as in the pupil responses above, or 12 3/8 - 5/^ is 
greater than 12 3/8 - 1. "5/^ is less than 1; if you sub- 

tract less than 1, you get more than if you subtract more 
than 1." 

'.ilhichever divisor was thought to be larger, this made the 
corresponding sum, difference, product, or quotient larger. 
For example this pupi 1 had these two incorrect responses. 
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17 T 1 is larger than 17 v 5/o "i 's larger than 7/^ 

17 f 5/2 is larger than 17 t 1 " 5/2 is larger than 1' 

Another pupil said 10 1/9 " 1 is larger than 10 1/*^ ~y?J 
because "1 is a v^hole and 7/C is not a whole" or 10 1/9 
is larger than 10 1/9 - 7/8. "10 1/9 is on both sides; 

change 1 to a fraction of 8/8. Then S/8 is greater than 
7/S." 



3. Many pupils attempted to perform the operations before 

making the comparison. Often these were carried only far 
enough to enable the pupil to make a choice. Often these 
operations were incorrect and led to incorrect choices. The 
interviewer tried to discourage this method of ansv/ering the 
questions, but many pupils seemed to understand nothing else 
and persisted. Mere is an example. or • q 

17 T 1 is larger than 17 t 5/8 because "5 x 1 7 = 85; 85 t o 

? ; 8 into 8 goes 1 time; 8 into 5 goes no times;" hence 10 
is less than 17. 

Or this example: 

2/3 X 5 is larger than 1 x 5. "Cause 1 x 5 is 5, and 3 x 5 

is 15 and if I make it out a fraction i t wi 1 1 be 2 x 15 

ivhich is greater than 5." _ . .. ,o 

Or, 17 T 1 is larger than 17 t 5/8 "17 ~ i ~ 17; 17 ~ 5/8 

goes 3 2/8" r o/o 

Or, 2/3 X 5 is larger than 1x5. "1 x 5 = 5; 2/3 x j = 5 2/3, 

which is larger than 5." 



k. 



Some pupils ivho performed the operat i ons““Correctly or 
incorrectly — compared the sums, differences, products or 
quotients incorrectly, as in 8 5/8 + 1 is greater than 
8 5/6 + 7/l». '*8 5/6 + 1 = 9 5 /^ and 8 5/6 + l/k would only 
be 8 12/6." 

Or in 1 X 6 is greater than 3/2 x 6. "1 x 6 is 6 and 3/2 x 
would be 18/2; then 18/2 is less than 6." 

Or in this unusual one, 17 t 1 is greater than 17 t 5/8 you 
have to take 5 into 17 and 8 into 17, and you only take that 
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(17 7 1) 1 time." 

Or in 3 9/10 + 7/8 is larger than 3 9/10 + 1 " 

3 16/18 and 3 9/10 +1=4 9/10; then 3 16/18 

4 9 / 10 ." 



3 9/10 + 7/8 = 
is larger than 



5. A common error was to think of all whole numbers as greater 
than fractions, as in 8 5/6 + 1 is greater than 8 5/6 + 7/4 
"1 is a ivhole number and 7/4 is a fractional number." 

Or in 10 1/9 - 1 is greater than 10 1/9 ~ 7/8 "this is a 
whole and that's just 7/8" or ''1 is a whole and 7/8 is half 
of a whole." 
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Some Characteristics of Good and Poor Computers 

One of the assumptions of this study was that '‘there are 
observable differences in the patterns of thinking--comoutational 
strategies of successful computers and unsuccessful computers/* 

To help in testing this assumption a selection was first made of 
12 pupils from among the 176 interviewed. Six of these composed 
a “good computer^* group"*one from each of the six schools. The 
pupil chosen from each school was the one who did most, or all, 
the exercises and had the largest number of correct answers. The 
remaining six pupils composed the “poor computer*' group--one from 
each of the six schools. Again the pupil chosen from each school 
was one who had tried most, or all, the exercises and who had the 
largest number of Incorrect answers. These were not the poorest 
computers in their several schools for most of the very ooor com*" 
puters were not able to complete most of the exercises, '/erbatlm 
transcriptions of the interviews v/ith these 12 pupils were made 
and carefully examined to detect features in the computational 
practices of the two groups. 

Two lists of features were thus prepared. Then tapes of 
interviews with other good and poor computers were heard again. 
This time they v/ere heard particularly for the purpose of detect- 
ing contrasts in the computational practices of good and poor 
computers. The lists which were developed in this fashion follov*/. 

A. Good Computers 

1. Good computers knov/ the basic combinations and do not need to 
derive them by primitive methods such as counting. 

2. Good computers tend to follow conventional algorithms rather 
consistently. They remember what they have been taught to do 
and follow the orthodoxy of classroom and textbook quite 
closely. For example, in column addition they are more 
likely, than are poor computers, to add the digits in order 
from top to bottom, or bottom to top, rather than to jump 
about to find preferred combinations such as doubles or 

sums of ten. A sentence arranged horizontally such as 

3/^ + 5/2 = is as likely to be rearranged vertically 

before rewriting with C.D. by good computers as by poor ones. 

3. Good computers use pend 1 and paper more than would appear 
necessary-especial ly v.'lth simple exercises. They do, ha*/- 
ever, tend to do more '‘mental arithmetic** than do poor com- 
puters. For example a girl with an 1 .Q. of 121, who did all 

the exercises with only 3 errors, first tried the exercise 
• # . • • • ♦ 
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13 X 20 * by saying "9 x 0 is 0; 0 x 1 is 0='; she hesi- 

tated and asked "can I write this in column form?" When 
told "yes" she rewrote the 20 under 1D» then said“-quite 
comfortably now--"0 times 9 is 0; 0 time 1 is 0; 2 times 9 
is 18; write 8 and carry 1 ; 2 x 1 is 2, + 1 is 3." The work 



was arranged like this. ’Mth partial 19 
products written, she then said: "Add, 2^ 
bring down 0; 8+ 0 = 8; bring down 3, 00 
answer is 380." 38 



W 

/\nother example is the bright pupil who found the product 

2/3 X 3/5 this way. ^ 10/15 x 9/15 - 90/225 

2/5. 3 " 15 

3/5 = 9/15 

k. Good computers appear to be much less dependent on the 

arrangement of an exerclse--vertical or horizontal (especially 
noted in fractions) — to provide a clue to the aopronrlate 
algorithm than do poorer computers. For example, two exer- 
cises in fractions were 3/^ ~ 1/2 = and 8 2/5 

-k 3/10 

The good computer was quite likely to rewrite both as 
equivalent fractions and subtract correctly. A poor computer 
might have done one of these one way and the other another 
way as did this pupil. 

3/A - 1/2 = 2/A ("3 - 1 = 2; 2 can go into A so I can use A 
for the determinant"). 

8 2/5 = A/10 
A 3/10 = 3/10 
¥ 1/10 

5. The good computers did much better than the poor ones In the 
final group of eight comparison exercises both with their 
choices and their reasons. The answers of a good computer 
will Illustrate. 3 9/10 + 1 is larger than 3 9/10 + 7/8 
"because 1 is greater than 7/8." 8 5/8 + 7/A is greater 

than 0 5/G + 1 "because 7/A is 1 3/A. You are only adding 1 
here; and you are adding 3/A extra here." 10 1/9 ~ 7/8 is 
greater than 10 1/9 - 1 "because you are only subtracting 
7/8 here and here you are subtracting a v/hole, like 8/8." 

12 3/8 - 1 is greater than 12 3/8 - 5/A "because 5/A is 
greater than 1." 1 x 5 is greater than 2/3 x 5 "because 1 

is greater than 2/3." 3/2 x 6 is greater than 1 x 6 "because 

3/2 is 1 1/2." 17 T 5/8 is greater than 17 t 1 "because 5/8 
is less than 1; so you are dividing by more here" (17 ~ !)• 

17 T 1 is greater than 17 r 5/2 "because this is like 2 1/2 
(5/2) and if you divide 1 7 by 2 1/2 you won't get as great a 
number as 17." 
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9. 



B. 

1 . 



Good computers seem to have better memories. For example, 
once they have identified an exercise as requiring a certain 
algorithm, they are quite likely to remember and use it 
correctly. In an exercise such as 7/8 t 2/3 the good com- 
puter decides the appropriate rule is "v/rite the reciprocal 
of the divisor and multiply." He remembers the rule and uses 
it correctly. The poor computer often has difficulty in 
deciding whether this rule is used in multiplication or 
division and whether it is the divisor or the dividend that 
is written as a reciprocal. 

Good computers, more often than poor computers, appeared to 
sense when an answer was wrong and proceeded to make cor- 
rect i'ons_;__For example one pupil first got 315 as a quotient 
for 15/7590. In multiplying the 5 of 315 by 15 he discovered 
that 5 X 15 = 75. He readily saw that this meant the 3 of 
315 was wrong. He did the exercise over and produced the 
correct ansv/er 506. 

The thinking of good computers often ran ahead of their 
words or pencils. One pupil in adding the column 7+5+2 
+ wl th a carried 2 above the 7 said "that's 2 and is 8, 

+ 5 is 1 3 , + 7 * 20 ." Her thi nk i ng actua 1 1y combined the 

two 2's first and then 4 + = 8, + 5 * 13, + 7 20. 

Another pupil in adding 64 said "8 and 4 is 12, carry my 1, 



6 and 3 is 13 and 1 makes l4." She explained that she said 
"6 and 3" instead of "6 and 7" because she was thinking of 
the 3 of 13 . 

Good computers tried out computations mentally and quickly 
as in finding a common denominator or a quotient digit. For 
example, a pupil quickly chose 2k as the C.D. of 5/8 and 1/3 
after quickly trying "in her mind" 12 ("3 will go into 12 but 
0 won' t") , then I 6 ("8 will go into I 6 but 3 won't"); then 
18 ("3 would go into 18 but 8 won ' t") ; f i nal ly 8 x 3 “ 2^. 
Ano ther pupi 1 in choosing the first quotient digit for 
74/6484 said "7 goes in 64 nine times, but 9 x 4 is 38 which 
would make it 66, so you multiply 8 x 74." Many other 
pupils laboriously made the multiplications aside with pencil 
and paper. 



Poor Computers 

Poor computers' stock of whole number facts is limited. 
They rely heavily on a few retained facts such as doubles, 
or products with 5 as one factor, from which to derive 
unknown combinations. They make extensive use of counting 
to make combinations. 
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2. Poor computers often make errors in whole number operations 
when their counting, or other derivations of unknown combi- 
nations, become too Involved for their short memory spans. 

For example, a pupil may try to derive a combination such as 
7 X 9 by recalling 7x7= ^0-! then addino by counting 

2*9 + 7 = 56 and 56 + 7 but netting something other than 63. 

3. Poor computers have much more trouble v/1 th fractions than 
v/i th v/hole numbers. Primitive methods such as counting are 
not as useful In fractions as in whole numbers, although a 
few pupils tried to think with “pieces of nie" in operating 
with fractions. 

A. Poor computers have difficulty remembering the conventional 
operational algorithms — especially in fractions. Moreover 
they have difficulty In matching those they do remember with 
the right exercise. So they devise simple, and what secnis 
to them as obvious, procedures such as adding numerators 
and then adding denominators for the sum of two simple 
fractions . 

5. V/hen poor computers encounter difficulty with an improvised 
algorithm, they Often sv/ltch to something else that will 
produce an answer, however remote from the proper procedure 

it may be. For example, in the exercise 7/P* ^ 2/3 one 

pupil said “2 divided into 7> you can't do that; so it would 
be ... (pause); change this (7/8) to 8/7", wrote 3/7 ? 2/3 
“2 divided by 0 Is A; 3 divided by 7 is ..." (pause) ; “it 
would have to be 21 (3 x 7)«" 

6. Poor computers tend to re'ly more on aids to memory. For 

example, in adding the column 9 + 8 + 1 + 8 (9 at the top) 
one pupil tliought "8 + 8 = 16, + 1 = 17“ but then wrote 

aside 17’ and said "9 + 7 = 16 (counting dots); put down my 6 

9 

2S- 

and carry my 1 ; 1 and 1 are 2." 

7. Uhat appear to be careless errors of poor computers are often 

supported by a reason — even if faulty. For example, in multi- 
plying 304 by 6 a pupil wrote 1804, seemingly failing to add 
the carried 2 to the 0 of 6x0=0. Actually the pupil 
said “6 times 4 is 24; put down the 4 and carry 2 (written 

above 0 of 30 4) ; 0 times 2 = 0; 6 times 3 = 18." 

8. Poor c ompu ters have great difficulty with long division as 
in 74/6484. They v/1 11 make several trial multiplications 
aside in an effort to find a quotient digit. The factors 
they choose to multiply the divisor by are often quite 
arbitrarily chosen. In the exercise 48/93 a pupil multiplied 
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aside 48 by 2; by 3, by 5, by 7, by 8, and by 9 in an 
attempt to find the correct quotient digit. In long divi- 
sion, other poor computers v/ill design unorthodox algorithms 
that yield incorrect answers. An example is the practice of 
dividing by one digit of the divisor at a time. 

9. Poor computers often did not hesitate to reverse minuend and 
subtrahend in subtraction. For example, 86 - 49 may yield 
43 as an answer with this explanation ”6 from 9 is 3; 4 from 

8 is 4"; or in the incorrect solution of 8 2/5 - 4 3/10 = 

4 1/5 one pupil said "8 - 4 is 4; 3 - 2 is 1 ; 5 - 10 is 5." 

10. Poor computers frequently confuse 0 and t, as in 15 3/4 t 

3/4 “ 15 0/4 or in rewriting 708 as 7“9“l8. This pupil said 
"subtract 1 from 0 and leave it 9; make 8 Into 10." In 

another exercise 19 x 20 = another pupil ivrote 19 above 

20 and said "9 x 0 = 0 ; 0 x 1 = 1" for a partial product of 
10. Then 9x2= 10; 2 x 1 = 2 , •*• 1 = 3" for partial product 
of 38-. 

11. Poor computers are quite likely to be confused in arranging 
the partial products of rnultipl ication--especial ly when the 
factors contain zeros. For example, in 304 a pupil v/rote 

1824 x 506 

1520 There were many more examples of other faulty arrange 
17024 ments of partial products in this exercise. 



Conclusions 

For the 176 pupils interviewed in this study it appears that 

these conclusions are justified. 

1. Pupils did vary widely in the computational strategies they 
employed in exercises with whole numbers and with fractions. 

2. Some orthodox strategies v/ere used infrequently. For 
example, few pupils in the division of fractions wrote the 
reciprocal of the divisor and multiplied. Unorthodox 
strategies were frequently observed — some yielding correct 
answers and some incorrect ones. 

3. There was very little evidence of "mental computation," that 

is, independence of pencil and papei — even in such simple 
exercises as 9/10 f 3/10 = or 3/4 - 1/2 = . 

4. There was heavy dependence on the arrangement of the exercise 
to provide a clue to computational strategy. Many pupils 
proceeded comfortably with an operation only after they had 
ivritten in vertical form an exercise presented horizontally 
in sentence form. 
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5. Early developmental strategies were often retained. This 
seemed to be more often the case in operations v/ith whole 
numbers than with fractions. The frequent reliance on 
counting in operations with whole numbers is an example. 

6. The vocabulary often did not correctly express a pupil's 
thinking. For example, in 86 ~ ^3, a puoil would say "you 
can't take 6 from 9" or "9 into 6 won't go" so borrow 1 and 
make 6 a 16. Then 9 from 16 is 7." 

7. Good computers recalled basic combinations readily and 
follov/ed orthodox strategies closely. Poor computers often 
derived basic combinations they could not recall and devised 
quite unorthodox strategies to do this. 

8. Very little practice of testing, by estimate, the reasonable- 
ness of answers was observed. 

9. It was especially apparent in long division that many pupils 
depended upon written trial and error to find quotient digits. 

10. Some of the concepts emphasized in "Modern Mathematics" pro- 
grams were infrequently apparent in the computational strate- 
gies employed. For example, few pupils thought of "regrouning" 
the 0 tens and 6 ones in 86 as 7 tens and 16 ones. They^ 

much more frequently thought "borrow one ^'rom 8 and add it 
to 6." Moreover, feiv thought of subtraction as the inverse 
of addition or'di vision as the inverse of multiplication. 

11. In the fraction comparison exercises, where pupils were 
asked to use their pencils only to check one of two choices, 
many needed actually to perform the indicated operation 
before making a choice. 

12. There was a frequent practice of continuing a computational 
strategy throughout the exercises of one grouo. The same 
was true from one group to another if the exercises were 
similarly arranged. For example a pupil who added numerator 

and denominators in 3/^ + 5/2 = would continue to do so 

v/ith the remaining addition exercises with fractions. Or a 
pupil who subtracted the smaller digit from the larger in 

86 - kS - would continue to do so in 708 - 329 to get ^»21. 

13 . Recorded interviev/s with individual pupils is a promising 
technique for identifying computational strategies of pupils. 

It is promising for research as well as the classroom 
teacher. 
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Recommendations 



1. Recorded interviews with pupils as they compute should be 
more v/idely used in research studies. They should also be 
used by the practicing teacher to the extent that time per- 
mits. It is suggested that early each fall a teacher do 
three to five Intervlev^s in each class taught. Pupils should 
be selected for Interviews on the basis of their written 
work. For the interview, a variety of simple exercises 
should be prepared covering computational skills which have 
been studied previously. The guides for Intervlev/s sug- 
gested earlier in this study should be observed. It is 
expected that these sample Interviews will give a teacher 
much clearer insights into the backgrounds of his pupils 
than would otherwise be likely. Moreover, these Insights 

are likely to be helpful in planning further v/ork with the 
pupils interviewed as well as the others in the class. 

2. Supervisors should also learn the technique of interviewing 
and use it to prepare taped recordings for use in in-service 
meetings with teachers. 

3. Some school systems have experimented with the employment of 
v/hat have been called "dl aqnost 1 c-prescr 1 pt 1 ve teachers." 

Tliese full-time special teachers work individually with 
pupils referred to them by regular classroom teacher, ’/hen 
the pupil goes back to his regular class, the "diagnostic- 
prescriptive teacher" sends to his teacher a diagnosis of 

his learning difficulties and some suggestions for correcting 
them. This appears to be a promising practice. In the 
hands of such a helping, special teacher the recorded 
interviev/, such as used in this study, should be very helpful. 
For example, a pupil's teacher may be advised v/hether the 
peculiar computational strategy he uses should be refined 
and Improved or replaced because it is v/rong arithmetically 
or is too awkward. 

4. Teachers should encourage pupils to reveal individual 
strategies in their day-to-day computational exercises. 

They should not conceal their Individual strategies through 
fear of ridicule. Rather there should be recognition for 
originality in thinking. 

5. Teachers should give much more attention to teaching pupils 
to check the reasonableness of ansv/ers. 

6. Bright pupils should be encouraged to develop Independence 
of pencil and paper In many computations. They should not 
be "Impeded" in their quick mental reactions by a require- 
ment to "show your work." 
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' Vong Answers '• ■ 'hole ::unf;ers 

73 + 2 /| = \ 

Ansvfers 

7? “3 plus *» = 7 and 7 plus 2 = 7,B,':, ' wrote 7 in tens and 0 

in ones column. 

107 ‘ ^ plus 3=7 and 2 plus B = 10"» 

90 "A and 3 is 8; 2 and 7 is 

37 olus 3 is 7 and 7 plus 2 is 8". 

' 3 and h is 8; 7 and 2 is 9"- 

107 • A + 3 « 7: 7 + 2 is 10 '. 

102 ”1 is read 73 as JC then thought (7^‘ " 0 + (2l| + 1) * 75 + 25 « 

100. Somehoi'.' recorded 102. 

9C '7 + 2 = 9 ; 3 + '» = 6. 

Add 61| 

7i 

Ans wers 

132 Failed to add the carried one in ten's column. 

llil ‘fj ss 1 | is 11 : 7 + 6 + 1 = 1 ^ . 

132 o + l|= 12;7 + 6 = ^>-''''+l = 13‘'' 

115 ‘A + 7 = 13 put doi,/n 1 carry 3 (above h) P + l| + 3 = 15- 

l/i3 1.4 + 5 = 13^ c, + 7 + 1 » 111''. 

152 "8 + = 12 i 8 + 6 = lA, + 1 = 15". 

132 "0 + ^ = 12 ; 7 + 6 = 13 (counted fingers). 



Add 705 

530 

291 

.'•.78 

Ansv/ers 

2015 ‘‘8 and 1 is 8, plus 3 * 16, plus 9 = 25". 

2017 '9 + C = IS, nlus 1 = 19 , plus n = 27 ." Counted by roving 

pencil point in pairs. 

2017 "9 and 8 is lO, one more is I'J, and 8 is 27". 

2011| "G + 1 = 9, plus 3 = 15 , plus 9 (counting fingers) = 2t»'. 

202l| "3 + 1 = 9 ; 9 + 3 = 19, plus 9 = 2V carried 2, ''3 + 2 = 5, 

plus 9 = li|^ plus 7 = 22'' (counted for sums). 

2017 I'g apj 3 is 17 ; 17 + 8 = 26 , and 1 = 27. 

1819 "9 + 8 = 17 , + 1 = lO, + 0 = 29" for ones column. 

.<2 + 7 a 9 , + 5 = 111 , + 2 = 16 and I 6 + = I 8 ' for hundreds 

column. ^ , I „ 

1915 Correct sum of 26 for ones column and 21 for tens column but 

carried 1 instead of 2 to hundreds column. 

1916 ‘S + 1 = 10 ; 10 + 8 = 18 ; I 8 + 8 = 25 (miscounted fingers) 
tens colunin correct. +7 + 2 = 3, plus 2 = 10, olus 5 - 15, 
.f 1| s 19 " for hundreds column. 

A-1 
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(continued) 



709 
530 
291 
klZ 

9+0=17, + 1 = 18 , + '= 25' for ones column, carried 2 . 

'''■*■ 3 = 3, + 9 = 12 , + 7 = lA'' for tens column, carried 1 . 
"7 + 5 = 13, + 2 = ll|, + A = 1 j, + 1 = 19 ' for hundreds 
col umn . 

1916 ones and tens columns correct, "^+ 2 = 6 , + 5 = 11 , +7 
(counting) = 17, + 2 (counting) = 19' for hundreds column. 

20] j 'C + 1 = 9 , + 3= 17 ; 17+9 (count inrj by twos) = 25''. 

2026 "9 + 3 = 13, + 7 = 20 , + 2 = 22 “ for tens column. 

2017 “9 + B ■ 17 , + 1 = 13 + 0 (counting fingers) 19, 20 , 21 

• • • 27' ' • 

2026 ones and hundreds columns correct. For tens column started 
v/ith 7 and counted up the column, stopping at 22 instead of 
21 . 

2015 For ones column, '9 + 3=17, 8+1=9, and 17 + 9 = 25“ 
to add 17 + 9 said '*7 and 9 is i 6 ; 1 plus 1 is 2 ". 

2015 “3 and 8 is 16, + 1 Is 17 , and 9 is 25" (counting fingers). 

301m “6 and 1 is 9 ; and 9 is 18 ; lO and 8 is 3^ ' for ones 

column. “5 + 2 = 7, and 7 is li» ; li» + A is 23 (wrote , 

aside for 20 ) , + 2 is 30 “ for hundreds column. -~ 

2017 “0 + 8 = 16, + 1 is 17 ; 17 and 9 is 27" (counting) for 

ones column.,' 

“9 and 8 is i/, .and 1 is 13, and 8 is 2 ^“ for ones column. 

■'7 and 5 is 12 , and 2 to carry is lA, and 2 is 16 , and h is 

2k" for hundreds column. 

20 lA “9 + 1 « 10 , + 8 = lO, + 3 (counting) = 2h' . 

201 o '9 and 8 are 17, and j is 18 , + 8 (counting in pairs) = 20". 

lo, 21 o Correct 26 for ones column, correct 21 for tens column. 

I'rote 21 and carried 2 to hundreds column. 18 for hundreds 
col umn--wi thout carried 2 — wrote 18 by 216 . 

202 o "7 + 3 = 10 , + 9 is 15, + 2 is 22 ' for tens column. 

20 lo '‘9 and 1 is 10 , and 8 is 18 , and 8 more (counting) is 23 '' 

for ones column. 

2516 “7 + 2 (carried) is ]k, + 5 is IS, + 2 is 21 , + <» is 25 for 

hundreds column. 

201 A + 1 is 9, + 8 is 17 , + 9 (counting) is 2 ^** for ones 
col umn • 

2017 “9 and 3 is 17, and 1 is 19, and 3 is 27." (For 19 + 3 

thought 19+1 is 20 , + 7 is 27) for ones column. 

20 A 6 '2 (carried) + 3 = 5 , + q = 1 ^», + 7 = 2 ^* for tens column 

(for lA + 7, thought 7x3= 2 ^) . 

2014 “9 + (b + 1 ) = 18, + 3 (counting) = 24“ for o.ies colinn. 

2017 “9 + 8 (counting fingers) = 17, +8 (counting fingers) = 26, 

+1 = 27“ for ones column. 

2019 “10 + 3 is 18, and 8 is 29“ (for lO + 3, thouoht 8 + 3 = 19 

and 1 + 1 = 2 ). 

2015 “:? + 8 = 17 , + 1 = 18 , + 8 = 18 , 19 , 20 . . . 25 “ (counted 
fingers) . 
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(continueJ) 



Ado 70 i 
53o 
?. 1 
hi?. 

2014 
]227 



2046 

1007 

1080 

2014 



1.0 + n is 15 + 1 = 16, and 8 more v/ould be 24". 

Stnrted on left, oot 17 for hundreds column, ''rote 1 and 

Tailvc’lO.s co.^n-, oot « for of tons co.^n, 

Tl 3 rn:"s"co,u™n of'su., 

On^'s and hundreds columns correct, /o'* column 

2 (carried) + 0 = 2 , + 3 = 5 , + 8 = 1 '» , + 7 - 24. 

Explained "14 + 6 = 20 plus 4 left over - 24 . 

"q and n is 17, and 1 is 19 and l8 is 27 • 

"b and 3 is 3. and 9 is A' ! 1 is^V’. 

•7 and 5 is 12, plus 2 is 14 and ^ it skipped the 

1st column correct. Then ^ 7 ~ _ _ -pj i 

addend "3". Hundreds column correct with vyronq came .. 
"b + 1 =10, + G = 18, + S = 24 (counted finoers). 



03 - 32 

Answer s 

31 
31 
31 
31 
51 
31 
71 
31 
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from 3 is 1 
minus 2 is 
from 2 = 1 
from 2 i s 1 
from 3 



; 3 from 0 is 3" • 

1 ; 3 from 0 is 3” • 

; 3 from 9 = 3". 

, and 0 from 3 is 3". 
and 3 from 0 is 5". 



3 from 9 is 3 (thinking 3x3) and 2 



151 



from 3 
"3 - 2 = 
ti mes). 

Vert 1 cal ly "13 “ 2 = 11 
IG - 3 * 15". 



, , and 9 ” 3 is 7". 
and 3 - 9 = 3 (thinkino: 



carry 1 



from 3 is 1' 

3 goes into 9 three 
That would make l8. 



Subtract 86 

49 



Ansv /ers 

43 

43 
40 

44 
43 
43 
47 
35 
43 

117 



8 is 

4". 



4". 



43 



"9 from 6 = 3 and 8 from 4 = 4". 

.in _ a 3 . 0 - 4 = 4". 

"0 from 6 i s 0 
■ •3-4-4 and 6 
"9 - 6 = 3 ; 8 

"9 from 6 i s 3 
"9 from 6 i s 7 , - - 

"16 take away 9 is 5 » 7 take »./ay 
"9 from 6 is 3 ; 4 from 8 is 4". 

Sorrow I from 8, make 8 a 16. Counted 5 10, II 

"that's 7". Then "7, 8, 5, 10, II' that s 117. 
"9 take av;ay 6 is 3 ! 8 take a\-/ay 4 is 4 . 



4 from 
9 is 
4 = 4". 

8 from 4 is 4". 
4 from 8 is 



4 is 3". 



. 16 
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Subtract 86 

^9 



(cont i nued) 



35 “9 from 16 is 5, and ^ from 7 is 3". 

36 "9-from 16 is 6 (counting 9 to K) , if from 7 is 3" 

^3 counted "7, 0, 9" wrote 3 in ones place, from 3 ’is 

39 from I 6 is 9 ; ^ from 7 is 3" 

^3 ‘’9 - 6 = 3 and 8 - = V. 

35 "5 from 6 is 5, and ^ from 7 is 3 ". 

^43 "9 from 6 leaves 3 and ^ from 8 leaves V. 

37 "16 take away 9 (counting 3 , 10 , 11 ... 16 ) is 5 ; 7 take 
away is 3 '. 

38 "16 - 9 (counting, 9 , 10, 11 ... 16) = 8 : 7 - /f = 3 = . 

35 ’/rote 7 for 8 and 16 for 6 . Said "that's 5'’ for I 6 - ^ 

and ' that's 3 " for 7 - 3 . 

35 "16 - 9 = 5 and 7 - /» = 3 '.' 

35 "6 and 3 is 15" ; 7 - is 3 ". 

^3 Counted '' 6 , 7, 8 , 9", wrote 3. Then from 8 is /j". 

36 '-9 from 16 is 6 ; k from 7 is 3 ". 

/»7 "16 -9 = 7 (counting) ; 4 - 8 = /»". 

35 "9 from 16 = 5 : /» from 7 = 3 ". 

33 "16 - 9 = 8 ; 7 - A = 3 ". 

^3 "6 subtract from 9 will be 3 ; 8 subtract ^ will be V‘. 

36 "16 - 9 = 6 ; 7 - = 3 ". 

27 "16 - 9= 7; 7-^4 = 2 '. 

30 "9 from 16 is 8 ; from 7 is 3". 



Subtract 700 

329 



Answ ers 



279 

289 



'f79 



/»01 

389 

/»01 

/»oo 

369 

/»21 

/»21 

139 



'You have to borrow from 7 ; make it a 6 . Then borrow from 
6 to make 0 a 10. horrov/ from 10 to make G an 18. Then 
18-9 = 9 ; 9 “ 2 » 7 ; and 5 - 3 = 2 ‘ . 

Borrov; from 7, make it a 6 ; make S an I 8 , then 1 .?, - n = q. 
can't take 2 from 9, so horroi'; from 6 , make it a 5 and 0 a 
10 . 10 - 2 = 8 and 5 - 2 = 3 . (7 pupils) 

Borroived from 0 made it a 9 and 8 an 18. Then 18 - 9 = 9 ; 

5 “ 2 = 7 and 7 - 3 = ^4. (10 pupils) 

"9 from 8 is 1 ; 2 from 0 is 0 ; 7 from 3 is V. 

Borrowed from 7, made 8 an I 8 and 0 a 10. Then* I 8 -9=9- 

10 - 2 = 8 ; 6 - 3 = 3 . (^4 pupils) 

" 9 - 8=1 : 0-2 = 0; 7 - 3 = 

"9 won't go into 8 " so wrote 0 , "2 won't go into 7 " so 
wrote 0 , "3 goes into 7 , four times". 

Wrote 6-0-18 for 708, then 13 - 9 = 9 ; 9-2=6 
and 6 - 3 = 3 . ' ’ 

"9 from D is 1 ; 2 subtract 0 is 2 ; 7 - 3 = V. 

'8 from 9 is 1 ; 0 from 2 is 2 ; 3 from 7 = k". 

"9 from 18 is 9 ; 2 from 5 is 3 ; 3 from ^4 » 1 ". 
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Subtract 708 
329 



(continued) 



kSS "18 - 9 “ 3 *. 7 - 2 = 5 : 7 - 3 = 

381 "9 from 0 is 1 borrow 1 from 7, make it a 6 and 0 a 10. 

Then 2 from 10 = 5 and C from 3 is 3" • 

lf79 "Borrow 1 from 0, make it a 9 and 8 an lO. Then half of 18 

is 3 • 2 from 3 is 7, and 3 from 7 is V- 
369 './rote 6 - 9-18 for 708 . Then "9 and 9 is I 8 ; 2 from 9 is 
6 (counting), 3 from 6 is 3". 

/»01 "8 from 9 is 1 ; 0 from 2 is 0 •. 3 from 7 (counting 

3, 5, 6, 7) is V’. 

381 " 9 - 8=1 and 0 can't go into 2 so l‘ borrow from 7, make it 

a 6 and 0 a 10.'' Then "10 -2 = 8 and 3 “ 6 = 3". 

383 ”9 from I 8 is 9 ; 2 from 9 is 8 ; 3 from 6 is 3". 

hO] '8 from 9 is 1 ; 0 from 2 is 0 ; 3 from 7 is (3, 5, 6, 7) 

1»". 

309 "Borrow from 7 leaves 6 put 1 at 8 and I 8 from 9 is 9, you 
can't take 2 from 0, so it's 0, and 6 from 3 is 3". 

388 "Borrow from 7, make it 6, make 0 a ten, change 8 to 9. 

Then "9+3=17; 17-9=8; 10 - 2 = 8 • 6 - 3 = 3". 

1*89 Change 8 to 18 ; 18 - 9 = 9. "Can't take 0 from 2 so change 
0 to a 10 ; 10 - 2 = 8 ; 7 - 3 = V'. (2 pupils) 

377 V/rote 703 as 6 - 9 - I 8 . Then I 8 - 9 = 7 (thinking 8 + ^) ; 

9-2=7; 6-3=3. 

1»01 "9 take away 8 leaves 1 ; 2 subtract 0 leaves 0 *, 7 take 

away 3 leaves k". 

19 X 20 = 

A nsv/ers* 

20** "0 X 9 = 0 ; 2 X 1 = 2". (8 pupils) 

20 "5 X 0 = 0 ; 1 X 2 = 20". 

390 "9 X 0 « 0 0 X 1 = 1" so 10 for 1st partial product. 

"9 X 2 = 18 ; 2 X 1 = 2, + 1 = 3, so 38- for 2nd partial 
product. 

3800 "0 X 9 = 0 ; 0 X 1 = 0 ; 9 X 2 = 18 ; 2 X 1 = 2, + 1 = 3." 

Arranged vertically, '/rote single product 38 OO. (3 pupils) 

1»80 "9 X 0 = 0 ; 5 X 2 = 18 ; 1 x 0 = 0 ; 1 x 2 = 3" IBO + 30- 

= 1 » 80 . 

2180 "9 X 0 = 0; 9 X 2 = 18 ." “rote 80 and carried 1, then 

"1 X 20 = 20, + 1 = 21. ' V/rote 21 with 80 for 2l80. 

* A blank indicates a partial product was indented. For example, 
partial products of 10 and 38 were V'/ritten 10. 

38 

** It will help in reading tlicsc accounts if this product is first 
rev/rittcn, as the pupils did, either as 19 or 20 . 

20 19 
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(continued) 



230 

309 



A J 



9 ; 0 X 1 = 1 : 2 X 9 = iS ; 2 X 1 




’•/rote 19 + 23- for sun of 299. 
"0x9=9;0xl=0;2x9= 

^.'rote 09 and 38 - for sum of 33?. 

‘'9xO = 9;9x2«13; 1x 0=1 ; 1x2 = 2". 

'..'rote 189 and 210 for sum 399* 

" 0 x 9 = 0 ; 0x1=0 ;2x9 
and 28 -. In adding "0 ; 0 froi 
" 0 x 9 = 0 : 0 xl=n : 2 x 9 =l 0 ; 2 xl 
single answer 2 l 80 . 

•‘1 .H 0 = 0 ; 1x2 = 2". 

"0 from 19 is 0 ; and 2 from 1 is 2". 

"0 x 9 = 0 ; 0 x 1 = 0 ; 2 x 9 = 18 ; 

Added 00 + 2.3-- for 2 B 0 . (6 pupils) 

"9 x 2 = 18 : 2 x 1 = 2, + 1 = 3". 

"9 x 0 = 0 ; 9 x 2 = 18 : 1 x 0 = 0 ; 

’.'rote 180 nnd 00- for sum of I 8 O. 

"0 A 9 = 9 ; 0 x 1 = 1 : 2 x 9 = 18 ; 

’/rote 38 under 19 for sum 399. 

"0 x 9 = 0 : 0 x 1 = 0 ; 2 x 9 = 18 ; 
i/rote 00 + /|8 = kS. 

"0 x 9 = 0 : 0 x 1 = 0 ; 2 x 9 = 18 ; 

’./rote single product 3800. 

"3 X 0 = 9 ; 0 1 = 1 ; 2 x 9 = 18 ; 

’.'rote 38 under 19 for sum of 57. 

"0 X 9 = 0 ; 0 X 1 = 0 ; 2 X 9 = 18 ; 

Arranged 00 and 38 “. Said "bring dov/n 0 ; 0 + 8 = 0 
("can't add nothing and 8 and get C"), 3. 

"0x9 = 0;9x2=16- 1x0 = 0; 1x2 = 2 '-. Added 
160 and 20- for 3^'0. 

"2 x 1 =2 ; 2x9= I 8 for 218. Ox 1 =0 ; 0 x 9 = 00, 
213 + -00 = 218". 

"0 X 9 = 0 ; 0 X 1 = 0 ; 2 X 9 = 18 ; 2 X 1 = 2 for 213- , 

00 + 218 - = 21-00 . 

’.'rote 20 under 19 ; "put down 0 ; 9 x 2 = 18". \/rote 8 and 

carried 1 above 1 of 19. 2 x 2 = ^* • 

Added cola.in of 19 twenties correctly for 38 O but wrote 
308 for sum. 

"0 X 15 = 00 ; 2 X 19 = 38 ; 00 + 38 = 38 ". 
"0xl=0;0x9=0;2x9=l8:2xl=2. 

00 + 182 - = 1820 . 

"0 X 9 = 0 ; 2 X 1 = 2" Doubted this answer so wrote 
column of 19 tv/enties and added correctly, 
and 20. ’'rote 20 under 19. "0x9 = 0 ;0xl=0’ 

2 X 9 = 18; 2 X 1 = 2, + 1 = 3" correctly. Then "0x9= 0 
2x1=2." Said this was t way" and both answers 

1 . 0 I.T .-r.. fully j!ij t/icm in different ways. 

a/.n "9 X 0 = 0 ; 2 X 9 = in ; 1 X 0 = 0 ; 1 X 2 = 6, 180 + .50 = 

2/|0". 



. . .1 

200 

2180 

20 

20 

280 

38 

180 

399 

A8 

3800 

57 

300 

360 

210 

2180 

ii80 

308 

38 

1820 

20 

380 



2 X 1 


= 2". 




2 X 1 


= 2, + 1 


= 3". 


1 X 2 


= 2". 




2 X 1 


= 2". ’'rote 00 


1 ; 2" 


for 200. 




2 X 1 


= 2". "rote 


2 X 1 


= 2". 




and 1 


times 0 ; 


again". 


2 X 1 


= 2, + 1 


= 3". 


2 X 1 


= 3, + 1 


= /»". 


2 X 1 


= 2, + 1 


= 3". 


2 X 1 


= 2 , and 


1 = 3" 


2 X 1 


+ 

CM 

II 


= 3". 


1 0 ; 


0+8 = 0 
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11) X 20 = 

20180 '••Q X ? = 0 : 0 X 1 “ 0 : 2 X ^ = 13 ; 20 x l = 20 

00 2018- = 20130' 

2180 " 9 x 0=0 ; 1 x 0 = 0 : 9 x 2=18 r carry 1 : 2 x 1 = 2. 

00 + 218- = 2180" 

Mul tiply 58 
75 



Answers 

44150 "5 X 0 - 40 ; 5 X 5 = 35, + = 39" Second oroduct 40G- 

sum of 390 + 406- = 4450 , n r 

4330 "0 X 5 = 40 ; 5 X 5 = 25, + 4 = 29 ; 7 x 8 = 54 ; 7 x .. = 

35, + 5 = 40" Added 290 + 404- for 4330. (5 pupils) 

4345 "S’x 5 = 35 ; 5 X 5 = 25, + 3 = 28" Second product 40C- 
sum of 285 and 406- = 4345. 

4450 290 for first product, then "7 x 8 = 56 ; 7 x 5 = 3.», + “ 

41" Sum of 290 + 416- = 4450. 

4370 Correct partial products 290 and 4o6-. Added "0, 9 + 6 = 

17 ; 2 + 1 = 3, and 4" for 4370. ^ 

4250 Correct partial products 2?0 and 406-. .Added "0 ; 9 + ' ® 
15 ; 2+0=2, and 4" for 4250. 

4320 1st partial product 290. Then ’'7 x 8 = 63 ; 7 x 5 — 35, 

+6 = (counted) 40." Added 290 + 403- for 4320. 

4550 1st partial product 490, second 406- , sum 4550 

390 "5 X 8 = 40 ; 7 X 5 = 35, + 4 = 39" wrote single product 

390 . (0 pupils) o 10 -7 r 9 r 

688 1st partial product 250, then *'7 x 3 = mo ; 7 x ^ 

+ 4 = 39" Added 290 + 398 for 688. 

4230 Correc* ’partial products 2?0 and 406-. Then "0 from 0 is 
0 : C> Vndm 9 is 3 ; 0 from 2 is 2 : 4 from nothing is 4' . 

35820 "8 X % = 40 ; 5 X 5 “ 25, 4 « 28" ; "7 X 8 = 54' (wrote 

down 7 rows of 8 marks each and counted) t 7 x 5 = 35. 
Second partial product written 3554-. Sum 280 + 3554- = 

35820. r 

4370 1st partial product 290; then '7x8= 57 (said 7x5= 

35 • 7 X 6 = 42 ; 7 X 7 = 49 • 7 x 8 = 49, 50, 51, 52, 53, 
54, '55, 56, 57") 7 X 5 = 35, + 5 = 40" 290 + 407- = 

4l40 1st partial product 290 ; '7 x 8 = 35 ; 7 x 5 “25, 26, 27 

... 35 (on fingers), + 3 = 38." Sum of 290 + 385- = 41 40. 

40890 1st partial product 290. "7 x 8 = 56 ; 7 x 5 = 

'./rote 3 partial products 290, 56- and 35 , sum 40890. 

6455 "5 X 8 = 45 ; 5 X 5 = 25, + 4 = 29 ; 7 x 8 = 56 ; 7x5= 

35, + 6 = 61" I'rote 295 as 1st partial product and -.ilhO 

as second. 

4360 Correct partial products 290 and 406- in adding said 

"0 + 6 = 16 ". 
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Multiply 58 
75 



(continued) 



1350 1st partial product 2S0. Then "7x8= S'C (wrote (S and 

carried 5) ; 7 x 5 = 35» that'll be one zero" wrote IO 6 - as 

second partial product. 730 + 106- = 1350. 

^620 1st partial product 250 ; "7 x 8 = 50 (6- x Ti = 3<^ . + 7 = 

^ 13 , + 7 = 50 ) ; 7 X 5 = 35 , + ^ (carried from 5x8) = 

32, + 5 (carried from 7x8= 50 ) = Then 290 + ^^0- = 

^*690. 

A760 1st partial product 220. "7 x 8 = 57 (7 x 7 = ''9 and 8 

more, 50, 51 , 52 ... 57) ; 7 x 5 = 35 (5, 10, 15 ... 35) 

+ ^» = 32 (counted), + 5 = (counted)." Then 290 + = 

i*7t'0. 

575 '-.S X 8 = ^0 ; 5 X 5 = 25 ; 7 X 8 = 56 ; 7 X 5 = 35 . ' '.'rote 

h partial products ^0, 25, 560, and 350. Sum 075 . 

3820 1st partial product 290; "7 x 8 = 63 (wrote 7, 1^, 21 ... 

63 ), 7x5 = 35". '.'rote 353" as 2nd nartial product. Then 

220 + 353- = 3820 . 

^1230 Correct partial products 290 and ^*06- then adding: "bring 

down 0 : 6 and 9=3, then 2, and bring down V. 

^760 1st partial product 290; '7 x 8 = 57 (7 x 7 = ^9 and 8 more 
50, 51 , 52 ... 57) ; 7 X 5 = 35 (5, 10 , 15 ... 35), + ^* 

(36, 37 ... 32), + 5 = ^*0.'' '/rote ^*^f7- as 2nd partial 

product . Then 290 + kk7~ = ^760. 

3350 1st partial product 290 ; then "7 x 8 = 56 ; 7 x 5 = 35, 

+ 5 = 30’’ '/rote 306- as second partial product. 

^^50 1st product 29 O; then '7 x 8 = 56 (wrote 6 as carried 

digit) ; 7 x 5 = 35, + 6 = /*1 ." Then 290 + /^l6- = kkSO. 

3760 "3 X 7 = 56 ; 7 X 5 = 35, + 2 = 37." ''rote 3760 as single 

product. 

1st product 290 ; then 7 x 8 = 63 (counted by 7's) ; 

7 X 5 = 35 (counted by 5's) , + 6 (counted) = />1 for partial 

product of /*130. '/ith prompting, corrected before completing. 

^310 "5x8= /{O; 5x5 = 25 ." './rote 250 as 1st oroduct. Then 

250 + /:06- = /*310. 

608 220 first product ; "7 x 8 (8, I 6 , 2/* ... hS) = /*8 ; 7 x 5 = 

35, + '» = 39 ." Then 290 + 398 = 688. 

^250 290 and /*060 for partial products. "9 + 6 ss 15 ; 2 + 0 = 

2 ; bring dovm k" (failed to add carried 1 from 9+6). 

^*320 290 first product. "7 x 8 = 53 (8 x 8 = 6/4 so 8 x 7 = 53) 

7 X 5 = 35, + 5 = ^*0." Then 290 + /»03" = ^* 320 . 

4/*10 290 first product. "7 x 8 = 62 ; 7 x 5 = 35, + 6 = kV' 

220 + /*12- = kk]0. 

^*398 "S X 5 = '•O ; 5 X 5 = (5, 10, 15 ... 30) 30, + ^* (31 , 32,33) 

= 33" So first product 330 and 330 + /»06- = /*398. Care- 

lessly v.rrote 8 for 0 as ones digit. 

1101 Starting on left, "7 x 5 = 35, carry 3 : 7x8= 56 , + 3 = 

59" for 559 ; "5 x 5 = 25 *. 5 x 8 = /*0,'+ 2 = kT' for 5^2. 

559 + 5^2 = 1101. 
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t»il50 

63&0 

t»285 

5700 

4300 

t»150 

t»360 

kk5 



5 X 8 = ijO ; 5 X 5 



* 25. 



29 



7x8=50;7x5 = 
7 X 3 = 57 •, 5 X 7 = 
; 7 X 8 = i*9 (7 X = 



« + 5 :? Ill ; 290 + itl6- = ^•'* 50 - 

f i U 40 ; 5 . 5 - M ; 

35 + 5 = 60 ; 290 + 607 - = 636O. 

"S’x 8 = i*5 ; 5 X 5 = 25 . + J ^ ’ / - “ 35^”^ 4285 . 

r; ; I “.olUnLd ^v^•^^;e:l;/Lnt ^ 

'' 7 ^ 37'^; 7 - = 51 -'"Then 51^ (written above 

Then 2,0. 

c r - 7 ^ + i, = 29 • 7 X 8 = 56 ; 7 X 5 = 

«; X 8 = i*0 : 5 X 5 = 2b, + » ' 

r; ; ^ i fl = •. 7 X 8 . 56 : 7 X 5 . 

35 + 5 =^ 1 | 6 . Then 295 + '* 06 - = '* 355 . 
f i 8 = '*5 ; 7 X 5 = '* 0 . + '* = ‘‘'*- 



Multiply 30i* 

506 



Answers* 

I6,80t| 

161 ,3(>k 

171, Soil 
29,02i| 
161,924 

1500 



, , ,, = 26 ; 6 X 0 = 0 ; 0 « 2 ", \ - 

}" for 1804. "5 X 4 = 20 : 5 X 0 - n. 0 X 

; 5 X 3 = 15'; for 1500-. . 5 ^ 3 = lO, + 1 = 

X 4 = 24 ; 6 X 2 (earned) = ’2^’ ^Yx 3 = 3" for 

5 " for 1924. "0x4 = '* •_'’ ^ ? 9 = 7 . 5 X 3 = 15" for 

570- confused columns in sum "4 ; 4 <■ 2 = 6 ; 9 : 
°0;%\V.'o°;5'’x'3 "■'^,V2".'r‘xT-’'?“'T- '324. 

•6 X 4 > 24 1 6 X 0 - 0, + 2 = 2 , 6 X 3 

'H ; r;^Tx;r=y8:7 ? ^ 

10 ; 5 X 3 = 15, + 1 (^^''y 2^1 8 -^6 x 3 = I8" for 1884. 

"5 X 4 = 20 ; 5 X 0 = 0 ; 5 X 3 = 15 tor ibJo 

nnn- and 1500- for 1500. 



* Unless 



otherwise indicated partial products were 



added correctly 
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Multiply 30/j 
506 



(conti nued) 



1702^1 

16,58^1 



lit 



152^1 

1702^1 

150^1 

152^1 

332 k 

16,02^1 

I 8 , 82 /» 

159,92^1 

161,82^1 

1 702 1 
17180^1 

2022 k 

I8,82i» 
I56,86/< 



0^ ''r.w\:,,uct '‘written'" “.5 ^ 1, ” ^ - 0 ; 0 x 3 - 

I88A + 000- + 1570 - a igcPA (f ^ 3 = 15" for 1570- 

from 8 + 7 ). to add carried I 

of !; and remember 2 (written above 0 

/?''pup!h)’^‘‘“' i ‘’O®- •• and 1520- ?" si" l”^. 

■;lv' = '' d^'' V "" '=»'• 

•5" for 152k. ^ learned) » 2 ; 5 x 3 = 

_5 thrill; 

;;o X « w I, ;'o x^oVo^; ; ^ : f ■„«/ 3 - Ifi" for lasi,. 

6 x"301i'.^°821i^iIdV 3 = l5"°for 1550- 

5x0.0 5x3- , 5 * T'- "5 X « 25 • 

0™'''"'"°='°^ ‘"“'•rectly for 

0 • 5 X ; 2 1"/ 3°'' : 000-^ ••5x/, = 20-5xO- 

;300--,adde^o,flTo"':l-"?^^V/^/^^^ 
r.'! ^roTucV^^e2r:^6^^l: ■ 

8 X 30k » I82A • '!n . c ; 

fx-.^ib rr’xVf o“T?Vi | 2 ^;,'?:, 

ofVx"V “T. Vx' j 



"5 X A = 2i| ; 5 X 0 = 
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Multiply 30k 
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(continued) 



151 , 82^4 

151 , 82^4 

• 1506 

15132^4 

1720^4 

151,80^4 

153821 

1 ,521,82^4 

23666 



156,86^4 

161 , 92^4 

15702^4 

1702^4 

173,83^4 

15*4, ^48^4 
152,62^4 

I 82 A 



"6x2® 12 and 2 more is 2*4 ;6x0 = 0, + 2 = 2; 

6 X 3 = 18 for 182*4 ; 0 X 30*4 ® 000- ; 5 x *4 » 20 ; 

5x0 = 0; 5x3 = 15 for 1500 — . 

6 X 30*4 = 182*4 ; 0 X 30*4 = 000- ; '5 x *4 ® 20 ; bring 
down 0 (from 30*4) ; 5 x 3 = 15" for I 500 — . 

"6 X *4 = 26 , put dov/n my 6 and carry 2, that's 0 and 
3x5= 15 " for single product I 506 . 

6 X 30*4 = 182*4 ; 0 X 30*4 = 000- ;5x*4 = 20;5x0 = 
0 ; 5x3= 15 for I 500 — . 

"*4 X 6 = 2*4 ; 6x3= lO, + 2 (carried from 2*4) = 20." 
Wrote 20*4, wrote 0 under *4 of 20*4. Then "*4 x 5 = 20 ; 
5x3= 15 , + 2 (carried) = 17" for 17000 and 20*4 

+ 17000 = 1720 * 4 . 

0 ; 3 X 6 = 13" for 180*4. 
5»20;0x5 = 0;3x5=15; 



X 6 = 
"*4 X 



6 x 3 = 1 . 8 " for 1821 
1520 for 1520 - 



"*4 X 6 = 2*4 ; 0 
0 X 30*4 ® 000- 
for 1500 —. 

"*4x6 = 21 ; ^x0 = 0,+2=2. 

Then 0 x 30*4 = 000- ; 5 x 30*4 
6 X 30*4 = 182*4 ; 0 X 30*4 = 0000- ; 5 X 3f''i = 1520 
"*4x6 = 26 (*4x*4 = 16, + *4 = 20, +6 = 26 ) ; 

X 3 = 22 (3 X 5 = 15 , 16, 17, 
wrote 0 under 6 of 
*4;Ox2 = 2 ;Ox3 = 3, 

: then wrote 0 in ones column *, . 

20 ; 5 X 2 = 10, + 2 = 12 ; 



6 X 2 = 12 ; 6 
18 ... 21 , + 1 = 22 )" 
2226 ; 0 X *4 
+ 1 = *4 
5 X *4 » 



5x3= 15, + 1 = 16, + another 1 



0 X 



12 
12 
30*4 
506 
222^ 
*42*40 

17200 
2T66S’ 
3 = 3" 



X 

17 . 

6 X 30*4 = 182*4 ; "0 X *4 » *4 ; 0 X 0 = 0 

for 30 * 4 - ; 5 X 30*4 = 1520 for 1520—. 

"6 X *4 = 2*4 ; 6 X 2 = 12 ; 6 X 3 = 10, + 1 = 19" for 

192*4 ; 0 X 30*4 = 000-- ;5x*4 = 20; 5x2=10; 

5x3= 15 , + 1 = 16 for 1600 — . 

6 X 30*4 = 182*4 ; 0 X 30*4 = 0000 ; 5 x 30*4 = 15200. 
V/rong sum from confused alignment of columns. 

6 X 30*4 = 182*4 ; 5 X 30*4 = 1520 for 1520r. Failed to 
multiply by 0 of 506 . (6 pupils) 

"*4x6 = 2*4 ; 6x0 = 6, + 2 = 8;6x 
0 X 30*4 = 000- ; "5 X *4 » 20 ; 5 x 0 = 0, bring doi*m 

2 ; 5x3= 15, + 2 = 17" for 1720—. 

"6 X *4 = 2*4 ; 6 X 0, + 6 - 8 ; 6 X 3 = 2*4" for 2 * 48 * 4 . 

"5 X *4 = 20 ; 5x3= 15" for 152000. 

Correct partial products. 182*4, 000- and 1520--. In 
adding said *4 + 0 = 0 ; 2 + 0 = 2 ; 8 + 0= 8; 2+1 = 

5 + nothing is 5 ; bring down 1. 

6 X 30*4 = 182*4, 0 X 30*4 = 000- ; failed to multiply by 
5 of 506. 



3 = 18" for 188*4 
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506 tcontinued) 



152,02^1 

152^1 

mz 

I8,82i» 

1682^1 

205,718 



1852^1 

I7,92i» 

152^1 

2sm 



\S2k 

1508 



Divide 27/BT 



I X 301, , ,82« , 0 X 301, . ooo- ; m 5 ^ ^ . 

0 ; 5 X 3 = 15" for I502-. ^ ^ - 20 ; 5 x 0 = 

C> X k s 2k I and 0, 0, 0 • 5x^ - ic" 

product, 1524. » 5 X .J - 15 v^/rote one 

WB3 ; itv; ,:V-V V * ' “ ^5" 

"5 X ij a 20 • 5 X 6 a r ,0x3 = 3" wrote 32i». 

6 X 304 = 1821, j . .5 , i’.\l " J ' = >• 3 = 15" for 1570 

5 x^ f' rs'?o? is oS 5 X 4 = 20 , 5 X 0 . 0 

20i5 

^ ^ down 0 carry 2 • 5 x 0 - n 

^8 po; °J 5 X 3 -15. p„, dL is'l 0 x'3 . 

«ppy the 2 ; 6 X 0 . 0. - 2 . 2 6 ^3 - 

2. cl; ??.•. I i tj- » ■ 0 12 X 8 X ,2. Put <,<«.„ 

» X 0 . 0, plus anoLr O.',, llli xorL •%“ U - 

irAn^ (above 3 from 6x2 = 1 2) -16” tk’ ^oco? 

I600- = 1852^1. ~ Then 252^1 + 

carry I x'^3'=^ifl 2 ; 6 x 2 (carried) = )2 • 

0 x^ = 6 J X 3 - 6 6 “ P Oxk^O ; 

•0 ; 5 X 3’= 15 + 1 «’if ^ 1* ’*5x2 (carried) = 

1792 ^1. *52^ + 000- + 1600- = 

S^^Viffor 1^5?r ^ 2 : "‘^'■•’"0 down the 2" ; 

+ 000- + 2515- a 25,77/} 5,5x3= 15. Then (^ 2 k 

6 ii 4 ! ?5 ’ ^ 1 ° X 0 ■= 0. + 2 . 2 • 5 X 3 - u 

f' X 4 X 18 ; carry I ; 0 x I a o ; 5 x 3 a ^ ' '' 



Answers 

30 

k 

21 



'’r°n?o (2^pupill)“ ° "27 won't no 

into I" started f-n mat. > ‘^i o _ 1 ; 7 won't no 
much.^ Stopped ® this was to< 

as 7 -^0,^iid^0 fr^^k " 5V (thought of 8l 
goes into 26 one time!^ ^ ^ ; 7 from 5 is 2); "27 



O 

ERIC 



A- 1 2 



58 



Divide 27/Bl (continued) 



k 

17 R204 



19 

21 

2 

1»0 R -1 

k 

No 

ansv/er 
1»0 1/2 

2 R31 

15 1/27 
11 R3 

1»0 

3 R211 



1»0 R1 



"2 into 3 goes k ; 7 into 1 won't go." Couldn't 
complete. 

'7 X 1 = 7, so put 7 up; 2x8= 16 (out 6 
beloiv 1 of 8l and 1 above 8 of 81) :6+ ■' 

1 = 7 ; 8 + 6 = IV' (counting) for 1^7; 

"6 +7= 13" (wrote 3 under 7 of 1^7 
and carried 1 above k of ll*7) "7 “ 3 “ ^ » 

1» - 3 = 1 , - 1 (carried above k) = 0 ; 

3 take av/ay 1 is 2". _ 

"27 can't go into 81, because 01 is bigger than 27 . 

"8 can go into 27'. Put down 27 marks, took away d 

had 19 left. . ~ ot - 

"Round 27 to 30 ; 30 goes into 80, two ; 2 x 2/ = 

5l» • 8l - 5l» = 27 ; 27 goes into 27 one time . 12 pupi is; 

'•2 goes into 3 four times ; 2 x = 8 ; 81 " = 0* j . 

2 won't go into 1" so answer is k remainder !• v2 pupi s; 
"27 goes into 81 two times because 2 x 27 = 5^ •> 

81 - 5l» » 27, then 5^» + 27 = 81 . "1 get mixed up on 



17 

27/FT 

+6 

fA7 

-3 

m 



I 



1 



'•2\m 11 go into 8, four times •. 2 x »i = 8" wrote 8 under 
8 of Tsl ; *'8-8=0, there's nothing so bring down the 
one", wrote 01 ; '7 won't go into 1 so put 0 up, have 

remainder 1''. , n o, o m 

''2 goes into 8 four times ; 4 x 2 = 8 ; 81 - 3- = 01 ; 

don't know v/hat to do with the 7'‘* _ 

"2 will go into 8 four times but 7 won't go into ; 

several comoletely irrational attempts, gave up. 

"2 into 8 goes 4 ; put up 4 and 3 - 8 = 0 

7 won't go into 1, so put 0 up and 0 under 1 . Then 

1-0=1. This gave R 1/2. Could write R-1 but 

teacher says write as 1/2. _ 

"27 goes into 8l two times," out 2 in quotient and under 

I of 81 , then 81 + 2 » 83 ; 27 X 2 = 54 ; 54 + 83 = 

137 ; 54 + 54 = 108 : 137 - 10-8 = 31. 

"7 goes into 3 one time with 1 left over I 2 ^oes into 

II (left over 1 and 1 of 8l) 5 times with 1/27 left over . 

Multiplied 7 X 12 and 7 X 11. Decided 7 goes into 31 
eleven times. Then 81 - 77 » 4 "bring doxvn the 2(from 
27)" to make 24. "7 goes into 24 three times with 

h \ ; 4 X 2 . 8“ j 01 - 8- . 01 ; "27 won't 

27 'into ol, three times (thought "20, W, 60, SO, '^at's 
3 times '). 3 X 2 . 6 ; 3 X 7 - 21 for 621 'frote 621 

under 81. Then "1 - 0 = 1 ; 1 subtracted by 2 - I , 

Vinto 8 goes 4 times" Bl - 8- = 1 : '7 can't go into 

1 so it's 0 ; 0 X 7 » 0 with 1 R." (two Duoilsj 
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Divide 27/BT (continued) 

3 i’lO "27 goes into 81 about 3 times" ; ''3 x ?'*“*21, carry 2, 

3 X 2 = 5, + 2 = 7." 81 - 71 = 10. • ' 

25 27 into 8l goes 5 ; put above 1 of 8,1, 8l below 81 ; 21 

into 8l goes 2 put 2 above 3 ; addi’.O' ^1 and 81 = 1C2. 

Divide 1*8/^ ^ 

Answers 

10 P,l»5 "1(8 goes into 93 one time." 93 “ 1*8 = 1*5 "1*8 goes 

into 1*5 zero times". 1*5 0 = 1*5. 

1 R51 "1*8 into 93 = 1" mentally 2 x 1*8 * 96 and 56 - 93 = 3. 

Then 1*8 + 3 = 51 . 

20 R13 "8 goes into 3 zero times ; 1* into 8, two times ; 

l*x2 = 8; 8x0 = 0"; then 93 - 80 = 13. 

1 Rl*l 1*8 into 93 goes 1 time ; then to get remainder thought 
"2 between 1*8 and 50 ; 4o between 50 and 90 ; there 
will be 1 left so remainder 1 * 1 ". The 1 left came from 
thinking 2 from 93 for 1*8 to 50. Then 50 to 90 = 1*0 and 
1 left = 1*1. 

1 Rl*l* Tried 2 decided too large. Then 1 for quotient. Then 

93 “ 1*8 = 1*1* said "3 subtracted by 3 ® 1*". 

13 R1 Tried 1* x 1*8, "too much," then 2 x 1*8, "too much, " then 
3 X 1*8, "too much." Finally "8 into 9 goes 1 time". 

93 - 8- = 13. Then "1* into 13 goes 3." 13 - 12 = 1, so 

13 R1 . 

2 "1* into 9 goes 2 with 1 left over." Didn't know what to 
do with the 1. "Could put it over the 3, but that 
won't help because 8 doesn't go into A"; gave up. 

1 R25 Decided 1*8 goes into 93 one time. Placed 1 in quotient 
and 1*8 below 93. Then "8 from 13 Is 5." Placed 5 
below 8 of 1*0. Then "1* goes into 8 (from 8_^) 2 times'* • 
l/rote 2 by 5 for remainder of 25. / 

57 Rl86 '1*8 into 93 is 7" wrote 7 in quotient above 3 of 93. 

Wrote 93 be lav 93. Then "1*8 into 9 is 5." Put 5 in 
quotient above 9 of 93. Then added 93 + 93 = 186. Said 
"answer is 186, other ansv/er is 57". 

1 Decided that 1*8 goes into 93 one time ; placed 1*8 under 

93. Could not proceed further. 

10 Rl*7 Decided there is one 1*8 in 93. Then 93 “ 1*8 = 1*7. "1*8 

v/on't go into 1*7 so put up 0". 

1 R2 "1*8 goes into 93 one time" and 93 " 1*8 = 1*5. Wrote 93 
Then "5 from 8 and get 3 ; 1* ” i* = 0" . 1*8 

'..'rote 3 under 1*5. Then 5 ” 3 “ 2. Answer 1 R2. ^ 

23 R1 "1* won't go into 9 but will go into 8 two times.*' 

1* X 2 = 8 and 9 " 8 = 1. '1* won't go into 1 so bring 

da/n 3. 1* won't go into 13 but will go into 12 three 
times." 1* X 3 = 12 and 13 - 12 * 1. 



A-ll* 
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Divide ^*8/93 (continued) 



10 Ri*5 



2i* R200 



1 R17 



1 R3 

1 Ri*i* 

1 R55 

1 R55 

13 l/'*8 

1 R35 

10 



1/^*8 i *5 



10 

2 R03 



Counted off nines. Cane out witli 
but you can't do anything with then . 



Then 08 - 'i8 = A5. "^8 can't oo 

Then hC x 0 = 0 and ^5 



0 = h5. 



''rote 



'.'rote down 48 narks, 

5 "vMth 3 left over, 

48 into 93 one tine, 
into 45, put 0 up.'' 

(5 pup i 1 s) I o , oo 

Added 48 + 48 = ?6 so decided there is one 4b In 93- 

1 above 93 and left this as answer. 

0 X 3 = 24 (counted), './rote 24 above 93 for quo lent. 
Then 24 r 93 = 117. Placed this belov/ 93. Then >3 + 

117 = 200. Placed beloi.< 117. Then 117 + 200 = 417- 
Then subtract '7-0=0; 1 ” 0 » 0 and 4 - 2 =2 . 

••48 go into 93 one time" ; 93 + 1 = 04 ; '^48 go into 94 

one time" ; subtracted (aside) 43 - 1 = 47 ; 

under 94 and added for 141 ; added aside 96 +96 for 1/2. 
And "that'll be too much, go 1 time". Placed 4o under 

l4l and subtracted for 17 (8 - 1 “ 7 > 4 ■ i - • . ring 

doi./n 1 ) . , . j _ 

Found 2 X 48 to be 96. Then 96 - 93 = 3 
•/rote 93 marks as she counted. Counted off 48 
quotient of 1. Miscounted remaining marks for R oj 
Decided 40 goes into 93 one time. Then 93 +• 

"3 from 8=5 and 4 from 9 = 5". „„ 

48 goes into 93 one time ; then 93 - 4b = 55. ■ i^^om 

13 is 5 ; and 4 from 9 is 5". 

"8 goes into 9 one time with 1 left over , 

13 three times with 1/48 left over." 

43 goes into 93 one time ; ''O out of 13 is 

of 7 is 3. ' , - ir • 

48 goes into 93 one time. 93 - 48 = 4j. 



4 goes into 

5 and 4 out 
'Moiv many 



1071 R6 



48' s in 45? There's no 48' s in 45." 
ty multiplication decided 48 goes into 93 one time. 

Then 93 - 48 = 45. Became confused, said my answer is 

I and something, I don't know." Finally decided answer 
was "one 43, forty-five." 

II X 8 = 88 ; 93 - 80 = 5 ; "bring doivn the 4 from 
48 to make 45, "and it won't go." Wrote 0 with 11 to 

make answer 110. , ,,r 

Took 3 from 48 twice. Then 45 + 45 = 90. Oo ba 

and put my 3 into it and make 93, would have a remainder 

pT 3." „ . « o 

•‘4 into 9 goes 2. Then 4x2= 0 and 9 - <-• = 1 • _, 

"8 into 13 goes 1. Then 8 x 1 = 3 and 1 3 - ^ “ .6 • 

48 irto'w ooes I time ; 93 - W ' W I "'■O into 45 

goes 0 times, subtract and you still have 45 ; if you 
Ccii't do that, start adding zeros.' 48 goes into 5 
scv^i- times (after repeated multiplication and incorrec 

pro.:;'r.i. of 404) ; then 450 - 404 = 54 and 48 into 54 
one time with R6. 
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Divide he/03 (continued) 



1 . ^5 
1723 R36 



5 R510 
21 Rif 

21 R 55 
2 RI 7 
1 

i R 35 
1 23/2lf 
No 

Answer 
21 5/UO 

2 R3 
5 



^8 Into [)3 one time • 93 - iiR - Ac 1,1 o 

^♦5, I rion'i know how to do It ~ n* 
and ii;’ <f-n I, !;«•,/ • ‘decided answer was 1 

„^S? =cvon ti»e,. 

Brirn o’o\**n 0* bv • i i * ^3^ » 114 

is. ->f « v 7 . If: 

three f,« 5 . Then liio ; fijf '"5" ’’tv- 

"• i"t<=rJie,,)"' 

70, SO, On.^Sat^s's^Le's”)' fn’ '^'’• 

r-rote 201,0 under 93 like th!; ,3 f ' = 7° ' 

DOCS into 3 lu^.VA^ V “ “• 09I0. 

■'0 into 13 goi , : n ^ 5 S 3 - 0- = 13 ; 

JS into 33 one time. SS^-'iS - 53 1"°^ ® 

^ from 9 = 5)^ " 55 (o from I3 = 5 . 

^ 9^'Gs into i3 twice • "? v 9 — ir n 

1 ." 2 X i| = 6 , + 1 .4 7 ^ J ~ ol’* down 6 and carry 



•nto 93 one time : 1 x iiR = /i? . i,^ . 

► tilke uway 4 is 3 »> ^ take away 8 Is 



"If 



- L I IIKJ J 

11 / uway 4 IS 3 ,»* 

(8 frS !?3 



Sdcidod tt:liiSnl''ir'^^ r?- ' 

hjing^d^tn 3 i S goes into’i 3 L' ul’ ; V.^i’e'n , 

'"sub?facted'for3.' ^ ^ ‘ Piaced 96 below 

93'(b'’u4'er''3 ^an^l'^derg')'^'’; “"‘'or 

(bring dovvn 0;13-2 i-q.^|l Subtracted for 690 
crossed out • q - ? _~r? ’ „ Paper and 

^|8 Into 690 ; first ifS~inL Jn another division 

^ finyers from ifS to 69) 2? x°A" ^ (counted 

690- - 1008 = 5008 (brinnH J Then 

9 - 0 = 0 ; 6 down 0 ; 0 - 0 = 0 ; 

5K Stopped at this point. 



- ^8 = i|6 



Divide 

Answers 



931 "7 goes into dk nine times." 9 x 7 = 63 and 6 *i - 63 = 

1. "Bring down 8 ; 7 goes into IB two times, 2 x 7 “ 
and 18 - lA = k, bring down ; *1 will go into eleven 
times." Scratched out 2 of 92 in quotient and made final 
answer 931 . 

8071 R*i2 After repeated multiplication decided 7^ goes into 6 «i 8 
eight times. Then 6 *i 8 - 592 * 56. "7^ won't go into 56 

so you put up a 0 and bring down V' ; 7^ into 56 *i seven 
times ; 7 X 7 *« = '«'«8 (7 X = 28 and 7 X 7 = '•2, + 2 =» 

44 ). 564 - 4 <i 8 * 116 ; 7 A into 116 one time remainder *i 2 

S7k Subtracted 74 from 648 and got 57^. "If that 's the 

right number, I would put 5 over 3 because that i!i the 
last number used, and 7 would go over the but' I don't 
know v/hat to do with the A" (of 57^). Stopped.' 

717 kfi/7^ 7^ Into 6 A 8 ; seven times ; 7 x 7l» ^ 5l8 ; 6 I »8 518 = 

130 ; 74 into 130 one time and 130 - !'•* ~ 56 ; bring , 

dov/n ; 7^ into 56 l|, seven times and 56 l» - 518 « A 6 for 
remainder of kf>/7^> 

8 R 12 i» 0 l| 7 A goes into 6 I |8 eight times (repeated multiplication) ; 

8 X 7l| «= 592. Wrote 5920 under 6 A 8 A and added for 
remainder of 12 li 0 li. 

8 R 36 71 * into 6 A 8 , eight times ; 8 x 7l» = 592 and 6 I |8 - 592 * 

36 ("8 take away 2 is 6 and 9 from lA is 3"). 

8 Rli6 74 into 6I|8 eight times ; 8 x 7l« = 592 ; 6A8 - 582 = 

i »6 ("2 from 8 is 6 ; 9 from l^i Is 5, so I borrow one and 
that makes that a A"). 

k3 Rl»6 Added and subtracted 7l»'s until reached 592. Decided 
had used four 7l*'s. V/rote A in quotient and 592 under 
6A8. Subtracted for 56, brought down Subtracted 7^ 
from 592 , got 518. So this meant 7^ goes Into 56A, 
three times (one less than l|). Finally 56 A - 513 » l|6 
for remainder. 

81 Rl*90 7A into 6 A 8 eight times (used repeated a,dd!tion). 

6A8 “ 592 = 56 brought down I*. "7^ goes Into 8I| one 

time" wrote 74 under S(>^ and ~ 74 = 1 * 90 . 

81 71 * into 6 A 8 goes 8 (repeated multipllcatibn). ”7^ goes 

Into 81* one time." Stopped for an answer of 81. 

126 Rl*6 71 * X 3 » 222 ; 222 X 3 » 666 ; 666 x 3 “ 5991*. Had 
multiplied 71 * by 3 four times, so 7^ goes into 6-481*^ 
twelve times. 61*81* ~ 5999 ® 496. Then 7^ + 7 I* “ 

11*8 + l40 = 296 *, 296 + ll*0 * 4l*l*. So 71 * goes into 
A 96 six times with remainder 46. 

8 R374 74 + 74 « 148 ; 148 + 148 = 296 ; 296 + 296 » 592 ; 

592 + 592 « 1184 ; 1184 + 1184 » 2368 ; 2368 + 2j6?v,,a 
4936 ; 4936 + 4936 » 9072 ; "that's too large; > 5^0 Mil . 
use 4936 ." Counted multiplications (i for 74-;' 2 for 
l48's ; 2 for 296's ; 2 for 592's and 1 for pB4's), ^ 




Divide (continued) 

8 R37^ ’/rote 8 as quotient; placed under and added 

(cont.) for 11A20. Multiolied Ik by 8 for 93 (7 x A = 28, 7 

and 2 is 9). ’./rote S8 under 11A20, subtracted for 1 1322 •. 
'Ik into that, ten times" and 1 1322 - Il8/|- = 522 ; "7^ 
goes into that only 3 times". V'rote 296 under 522. 
Subtracted for remainder of 37^. 

6 RG^j "7^ qoes into 6A8 seven times because 7 x is 20". 

Then 7 x. Ik 658 (thought 28 + 28 = 56 . and 7 x 7 = 

56, + 7 = 63 ). "That’s ten too high, so try Ik r. 6" got 
53^1. Then 5CA + 55 ; then 58A + dk which gave 6^»S. "So 
7^ goes into 6kBk six times." Put 58^» under 6 ^j 8, sub- 
tracted for Gk. "Jk can't qo into Gk so the answer is 6 
with a remainder of 6A." 

6 R56^» After repeated multiplications and subtractions decided 
7^ goes into GkQ six times. Urote 6 as quotient and 592 
under 6A8. Subtracted for 56 ; brought do^/n k. Tried 
several multiplications, subtractions and additions for 
5Gk t Jk. Gave up. 

533'« RkG ftultIpMed 7k by 2, 3, and 5. 7k goes into Gk6, five 
times ; 6^»8 - 370 = 270. Drought down k ; 7k into 278, 
three times, 278^1 - 222- ® SGk ; wrote another 3 in 
quotient. Then 5Gk - 222 = 3^2. Wrote k in quotient. 
Then 3^2 - 296 = kG remainder. 

8 R56 Repeated multiplications and additions. 7k goes into 
61(8, eight times ; Gk8 - 592 = 56. 

81 Rl«9 "7lj cannot go into k ; 7^ go into 8*i once" \ 8k - 7k 

= 10, bring down Gk for 6^»10 ; mark out 0 ; 7k into 6 AI 
eight times ; 6^)1 - 592 = kS. 

8 R56 7^ into 6^»8, eight times ; GkQ - 592 = 56, brought down 

^ ; then 7^ into 56^4, seven times. Did not write 7 in 
quotient. Finally SGk - 518 = 56 . 

5261 R102 Multiplied 7k by 12, by 2k, by 52, by 6 I. "Put 52 

over there (in quotient) because 384S (7^ x 52) is the 
closest to GkSk." Then Gk8k - 38^48 » 2636 . Placed 
273 ^ (incorrect product of 7k x 6l) under 2636. Then 
2636 - 273^4 = 102. 

1 RIO "7k can't go into Gk. I guess I'll see how many times 
it'll go into 8^4, one time I think, and 75, 76, 77, 78 
... 8k (made 10 marks as counted), so answer is 1 
remainder 10." 

81 R^49 " 7 ^ cannot go into 1 ; 7^4 go Into 8k one time" 8^4 - 7k 

= 10. "7^4 cannot go into 1 ; 7k cannot go into ^4l, so I. 
bring dov/n the v^hole 614," 7^ into GAl eight times. 

6 I 4 I - 5'32 = I 49 . 

No 7*4 X 3 = 282 ; 7^4 X 2 » II 48 ; II 48 + 282 = A 30 ; 7k x 12 = 

answer 883 ; 7^4 x 17 = 1328 ; 7*4 x 23 = 1702 ; 7*4 x 38 = 3^402 ; 

7 I 4 X Al a 303 I 4 . Gave up. 
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Divide 7h/0i^ (continued) 



30 R102 



noo R^i 



i ultiplled by k, (:, 7, 'o, and 0. Decided into f.«(C 
cliht tines ; Ci»3-592 = 7(' ; can't oo into 2 so 
borrov.' 1 , tlien 13 " 2 = 1 ?*; Is7) 

7 li Into 76^1 nine times. 7'‘« - ('» minus 

6 = 2 , 6 - b = 0 ; 7 ■ f- = 0 , „ „ 

7h Into eight times (by estimate). 8 x 7‘» = f'*' '• 

(WItiiout multinlyino) = 000 . bring down ^ 

7h Into k zero times, put 0 In quotient •. ODQA 0 = Om 
7h roes into k zero times - another zero In quotient ; 



87 820 



no n.o 



7h (;oes into k zero times 

0t| - 1| = ^» so 3 *». , r/-| 

Error in subtracting - 592. Dot Instead of 

Tlien - 51 9 = 26 instead of kCi. 

7U into 61|0, eight times. - 532 = 156 ( 2 from 

8 is 6 •, 3 from 5 is 'i; 6 - 5 = 1"). Crossed out 156. 

'/rote 56 below. "7^ into 56 is 0, put 0 up top'' • wrote 

7k under 56 ; 'can't subtract 7k from 56 so the answer 

is 0 * * 

1511RD2l| Hade these multiplications and additions. 7k xC = » 

added three 7^'s for 666 •. 66v6 x k - 2f>6k ; iSGk x 3 
7Q32 : 2261l X 2 = 5228. '/rote 15 in quotient. Then 
Gk2k - 5228 = 1256 . Multiolied 666 x 2 for 1332. ’/rote 

11 in quotient, then 1256 - 1332 = 92l>. 

8168 R12 7 roes into C k eight tines ; 6/i - 56 = 12 ; 7 goes into 

12 one time •- 12 - 7 = ^ : 7 v/on't go into ^i so bring 

davn r : 7 go into lir. six times. '18 - k? = 6 , bring down 
k • 7 goes into Gk eight times •, 61| ■ 56 = 12 . ^ 

■33 r.n ' 7 I 4 v<on't go into 61|, so 7k into 6148." Dy multiplication 
tried 5, 7 and P. Decided on 8. ’»rote 592 under 532 
(beloi.J 61iri|) and subtracted for 0. ’ 'rote quotient as ■if'. 

710 R6968 '7k into (>k is 10". 'Irote li81i under Voro 

‘7k into Ii 8 is 7" (no reason). Added ik^k + k^^k ~ ... 960 . 
'7 goes into 61| eight times" wrote .i above ‘! of om. *• 

goes into 8 tvjo times' v^rote 2 above 2 of 61|8. "rote 
61|3 under 668, "bring down k'- . 

by repeated addition of 7k, to 532, decided 71* goes into 
61|<j seven tines. Then 61|8 - 532 = 56. Bring down > j 
7 I 1 into 56 I 1 six times because 518 is between 5!^2 and mmm. 
Then 561; - 51 C = A 6 ; '7k won't go into k(>, therefore 

0, and 0 X 7k = 0. iio remainder. . . « 

Error in remainder. 561| - 1'38 {7 x 7k = "7 x 1| is 8 and 
7x7 IS ^^9* * ) • 

86 R120 7k into 61i8, eight times and '>k^ - 532 = 56 . 7k into 
561i, six times • C x 7k = kkk and 56 I 1 - kkk = 120. 

761 RIO 7k into 61i'3 seven times, then GkZ - 536 = 52 bring down 
k : 7k into 52 I 1 , six times. 52l» - kkk = 80 ; 7k into jO 

goes once ; 30 - 7l« = 10 {' k from 0 is 0, 8 from 7 is ) 

852 Rli 6 7 I 1 into 6 /i 8 , eight times ; 61i8 - 502 = 56. 7k into jo4, 

five times ; 561| - 370 = \0k ; 7k into ]3k, two times ; 



32 Rl| 



760 



87 .R66 



in/j 



1 



A -13 



65 



I 



Divide 



(continued) 



870 RtiS 

nro Ri,ji 
8 

90 

80 R56 
71 R56 

91 



9776 
81 R2^ 

87 R45 
86 

871 R22 

970 R2 

91 R30 
9 R818 



tirror in final step. 56^* - 518 = 

^tero times placed 0 i" ^”'''‘ 17 under ‘♦6. ^ ^ 

'ik ■ tfn ctmes : 6A8 - 592 = 56. Brin«3 down 

4 . 7m into 56^1. five times ; 561* - 370 = 1?1* * 7^ into 



191*, two times ; 19^ ~ 1^<8 = ^8. 

71* into 61*8, eiciht times, 61*8 - 592 = ll*6. Tried 
7I* X 5 and 7^ X 2, stopped. 

7I* into 61*8, nine times *, 9 x 71* “ 6ii6, and 6ii8 - 61*6 = 
2, bring down 1*. 7^ won't go into 2l* •. so put 0 in 
quotient and 2l* - 0 = 2l*. 

7I} into 61*8, eight times ; 61*8 - 592 = 56. 7I* won't go 

into 56 so put 0 in quotient *, 56 ■ 0 = 56. 

7I* into 61*3, seven times ; 61*8 - 518 = I30. 7'1* Into 130 



one time ; 130 - 7^ = 56.. 

"7 won'’ t go into 6. So 7 into hi* goes 9." (7 x 7 = m9, 

+7 » 56 , 57j 0 ... 63 ). *'Put 9 over 6, add 1 to k (of 

7 I*) , make it 5, 5 into 8 goes 1 , have 3 ^eft over.’ 

Stopped, did not know v*hat to do with 3* "Could put it 
over 1* (of 81*) but th. t would make 7 and there ore no 
number's left to divide by.'' 

7 into 6 m nine times, 9x7^“ 666. Placed 666 under 

4(iil* of 61*81*. Subtracted 61*81* * 666 = 58 I 8 ; 7 into 58 

goes 7 i 7 x 7^* ’’ 518* '..'rote 518 under 81 8 of 581 8. 

Subtracted for 5300 •, 7 into 53, seven ; 7 71* =* 518 ; 

5306 - 518 « 1*782 ; 7 into 1*7 goes 6 . 

7 I* into 61*8, eight times ; 8 x 7^ = 572 (8 x 1* = 32, 

8 X 7 = 5^*, + 3 = 57). 61*8 - 572 = 76 ; ?l* into 76 

once, 76 - 7^ = 2, bring down 1*. 

7 I* into 61*8, eight times *, 8x7^® 582 (8 x 1* = 32 ; 

3 X 7 = 56 , + 2 = 58 ). 61*3 - 582 = 56 ("2 from 8=6, 

8 - ll* = 5") bring down k ; 7^ into 561*, seven times, 

7 X 71 * = 518 ; 561* - 518 = 1 * 5 . 

7 I* into 61*8, eight times ; 8x7^ = 602 (4 x 8 = 32, 

7 X 8 = 57, + 3 = 60). 648 - 602 = 1:^», bring down 4 ; 

74 into 464, six times. I.'rote 464 ;:nder 464, drew line 
and stopped. 

74 into 648, eight times, 8 x 74 = 592 : 648 - 592 = 56. 
Bring down 4 ; 74 into 564, seven times,, 7 x 74 = 468 

(7x4= 28, carry 2, 7 x 7 = 44, + 2 = 46). $64 - 468 

= 96 . 74 into 96 , once ; 96 - 74 = 29. 

74 into 648, nine times ; 9 x 74 = 55-X ; 648 - 592 = 56, 

bring doivn 4 ; 74 into 564 seven times ; 7 x 74 = 518 ; 

564 - 518 = 46. "74 won't go in 46" so put 0 in quotient. 

Then ' 0 x 74 = 74," wrote 74 under 46. Said "6 rr 4 = 2." 
74 into 648 nine times ; 9 x 74 = 638 (9 x 4 = 28 ; 

9x7 = 63 ). 648 - 638 = 10., bring down 4 ; 74 into 104 

once, 104 - 74 = 30. 

74 into 6484 nine times, 9 x 74 = 666. Then 6484 - 

666 = 818 , 



Divide Uont 



i!o 

answer 



I ^n =.nH 6i»S4 into 6080. "70 won't go into 
P.oundecl 7^ to 70 ,«nn. *^ugp 70 x 00 , by Oo, 

60 but will go into 608 then 7j)^x^ ^ ,5 

by 100. Decided woulcln t ^ ,5 „orc thnn 

Decided it rr.ust be 1^5= 



Divide 15/7590 (Two schools) 



Ansv/e r s 

560 

t\\J 

56 

p-'/jp 5/ 

560 

56 

56 

5 

56 

7118 

1» R20 
56 RO 



'isZl »o''’-'’d 0 ^ o' Affixed 

because 'ain't nothing more to multiply Y 

more numbers.'' . , , n «f ycqo. After 75 ' 75 

Placed 5 above 5 and 6 above 0 o | _ q bring 

said "bi inn down your 9 and 15 won g oupils) 

d.- 0 •. 6 X 15 = 90 so the answe 6 ^^. 

15 '15 into 75 five times. hec. 9 use 

9 in dividend ; "15 goes into 5. . ^^,5 . 59 - kS = 

13 . 1 , 5 . •' Put 45 in quotient -"nkino^,^ 

Placed it beside g'l5 left over. 

15 goes into l^iO nine times won't go into 

15 into 75 five times : 75 - o bring down 50 

0 so bring di^n 9 ; 15 ^ ',5 gees into 0 

15 into 90 six times ; 90 - pu * ^ - ^ • 

zero times so 560 . (2 R'JO' s) ,,rote 5 

15 into 75 f;''® f Puzzled by vacant space 

above 5 and 6 above 0 of 7-> 0 . tuzzie 

between 5 and 6 but left 7500 = ^ 0 . "There 

15 into 75 = 5 . Subtracted 7590 7500 .u. 

ore six 15's in 90.' ^ -u^ve 9 of 7590. 

'•anted to write 5 above ^ r,g and 15 into 

Decided this v/as wrong. j ,nb short division. 

759 . Left 5 ns answer Confused with s^ ^ ^ 

'iTovc ? en5 luJl above 0. "because you have only 
two numbers'' (in quotient). 75 - 7 - = gp. 

I into 7, seven ' ! 5 1 o ^ Orinq down 9 ; 5 into 

I "T '•"ot - r“li: brina do..n 0 ; ? into 40 elqht. 

■15 into 75 four times. How many J'nes . 

15? Mntol5»3." If 75-d. Sub- 

down 9, wrote by 3 tt' n<oke 39 under 59 of /J- 

75 : f ^0 ^o-oo^o. 
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'Vonn Answers” “Fracti ons 



+ 5/2 = 



Answers 



8/i» = 2 

8/6 

P/-'3 
68 
15/3 
7/7 
7/6 
3 1/8 



06 

2/0 



16/8 = 2 

li» 

2 

2 l/i» 

3/2 

3 



8 3/2 
Iklk 



k ]/k 

<;9 



"5 + 3 = 3. You don't add the bottom numbers because 

2 wi 1 1 go into k.'' (23 punils) 

3 and 5 Is 0 ; and 2 is 6. (May or may not be 
reduced.) (36 nunils) 

5+3 = 0* 2 plus is 8. (3 ounils) 

3 and 5 is 3 : ^ and 2 is 6. 

5 and 3 is 15 ; ^ and 2 is 8. (2 pupils) 

3 + /* = 7 ; 2 + 5 = 7. (2 puoi Is) 

3+5 is 7 * and 2 is 6. 

Chose 8 as C.D. Then x 3 = 12, so 3/k = 12/3 ; 

5x2 is 10, so 5/2 = 10/8 ; 12/8 + 10/8 = 22/8 = 

31/8 (3 X G = 21, with 1 left over). 

5 + 3 = 8 ; ^ + 2 = 6. (2 pupils) 

Chose 8 as C.D. "8 cioes into 2 four times and goes 
into 5 one tiffie." So 5/2 became 1/8. "8 goes into k, 
two, tines, 2 will go into 3 one time,' so 3/^ became 
1/8. Then 1/0 + 1/8 = 2/0. 

Chose 0 as C.D. Then 3/^ " C/S and 5/2 ** lO/o, and 
6/C + 10/8 = 16/3. 

S over 2 is 7 ; 3 over is 7 ; 7 + 7 = 1^.'' 

3 / 1 , s 3/1, and 5/2 = 5/^». Then 3 + 5 = 3 over 1» for 

8/l» = 2. 

Got 13/^» correctly. Decided, by counting, there arc 
two ^J's in 13 with one left over. 

5/2 = 5/li ; 3/^ = 3/'». Then 5 + 3 = 3 over and 
8/^J = 3/2. 

3 / 1 , s 3/1, ; 5/2 = 2 1/2 ; chose 3 as C.D. For 3/‘* said 
"1» goes into 8 two times and 3 goes into 8 tv/o times." 
So wrote 2/2 for 3/^» Then "2 goes into 3 four times, 
and 1 goes into 8 eight times" so wrote P>/h for 2 1/2. 

2 

Then divided ^»/F. Added this 2 to 1 from 2/2 of 3/^ 
for answer of 3. 

Mrote 5/2 as 20/.3 and 3/^ as 6/8, added for 26 / 8 . 

26 f 8 = 3 R2 wrote as 6 3/2. 

Chose as C.D. Then for 3/^ said "1* times 1 equals 
and 1 plus 3 is so For 5/2 said *2x2 

= and X 5 = 20" so 20/k., Then + 20/k = 2V^». 
Got sum of 13/^» correctly, then into 13 goes If 
with 1 left over." 

"1« and 5 is 9 ; 3 and 2 is 5. Answer would be 95" but 
wrote as 59. 



8-1 



68 



3 /^ + 5/2 = (continued) 

3 1/2 Wrote 3 /^ as 3 /^ and 5/2 as ? 1/2 ; then 1/2 as 3 /'» 
(“2 coes into h two times nlus 1 is 3 "). Ti.cn </h i 
3/1, = 6 /i{ = 1 1/2 and 2 + 1 1/2 = 3 1 / 2 . 

A /2 Chose 2 as C.O. because ’’2 will go into and 2 , equal 

times. Then 5+3 = 5 Tor C/ 2 . 



3 /S + 7 /S « 



Answer's 



II/I6 

10/16 

2/2 

1 3 /« 

2 I/d 
26 

5 1/8 



21/8 



7 + 3=11 and 8 + 8 = 16 . Got 7 + 3 = 11 because she 
retiieiiibcred 7 + ^ = 12. 

3 + 7 = 10 and 8 + 8 = 16. (37 pupils) 

Got 10/8 coi rcctly. '..’loto as 2/2 because ''2 will yr> 
into 10 and 2 wi 1 1 go into 0". (2 pupils) 

//!J . y /9 - ll/O = 1 3 / 8 . (2 pupils) 

8 and 3 is 11 (counted), 7 aud 8 is 15 (counted). 

(2 pupi Is) 

Got 10/8 correctly. .8 goes into 10 one time," wrote 
1 / 8 . "Remainder is 2 " so 2 1 / 8 . 

' 7 ove r 8 is 15 ; 3 ove r 0 i s 1 1 : 1 5 + 1 1 = 26 . ' ’ 

Got 10/8 correctly, then ‘the numerator is bigger tfiaii 
the denominator so you got to break it doivn, that'll 
be 1 2/8 =5 1/8 because 2 goes into fl four ti<ncs and 
+ 1 = 5 ." Could not explain the 1 / 8 . 

3 X 7 = 21 over 8. 



57 / 8+2 1/2 = 

Answe rs 

® 5 + 2=7 and 7 + 1-8 and 8 is C.O. because 2 and 8 

will go into 8. 

7 8/10 5 + 2 = 7 ; 7 + 1 = 8 ; 8 + 2 = 10. (23 nupils) 

Incom- 7 +l=C; 8 + 2 = 10 . "That's not right." Could not 

plete proceed further. 

8 3 /^ 5 + 2 = 7 , thought 1/2 = k/8. Then "7 + = 11 . ‘ "That 

would be 1 3 /^ ; so the answer is S 3A." 

52/10 5 7/8 = ii7/8 ; 2 1/2 = 5/2 ; wrote i»7/8 + 5/2 = 52/10, 

^7 + 5 = 52 and 8 +♦ 2 = 10 . (7 puoils) 

3 1/16 '.'rote vertically, chose I6 as C.D. Then 7/8 = 56/I6 
because 8 x 7 = 56 and 1/2 = 2/16 because 2 x 1 = 2. 

Then 56/16 + 2/16 = 58/I6 ; "16 in 58 goes 3 times. 
Remainder wi 1 1 be 1 ." So 3 I/I6. 



fJ-2 



(conti nued) 



5 7/8 + 
20/5 

7 8/S 

8 5/8 

7 8/5 
7 13/8 

1 6/16 

7 7/16 

7 13/8 

8 

7 8/8 
52/8 

6 8/10 
2 7/20 

8 i</B 

7 lC/16 

25 

8 5/8 
7 

52 



1/2 = 

3 + 5 = 13 (counted) ; 13 + 7 = 20 (counted). V/rote 20 
for numerator ; 2 + 2 = ^ and 1 is 5» '’rote .5 in 
denoninator. 

’'rote 5 7/8 for 5 7/S and 2 1/8 for 2 1/2. Then 5 + 2 

7 r and 7/8 +1/8 = 8/8. 

•/rote vertically ; then 5 1^/16 for 5 7/8 and 2 8/16 
for 2 1/2: then 5 + 2=7 and lA + S = 26 ; 7 26/16 = 

8 10/16 = 8 5 / 8 . 

Taoe became fouled. Explanation was not recorded. 

'./rote vertically 5 7/3 for 5 7/8 and 2 6/8 for 2 1/2. 
Added for 7 13/8. 

'.'rote IV 16 for 7/3 and 8/1 6 for 1/2. Then lVl6 + 

8/l6 = 22/16 = 1 6/l6. lonored whole numbers. 

'/rote lA/16 for 7/8 and 8/l6 for 1/2 ; subtracted 
(coiiMtod rinycrs) and got 7, SO 7/16. • Then 5 + 2 = 7. 
Chose 8 as C.D. ’'rote 8/8 for 7/8. ("3 into 8 one 

time and 1 + 7 = 0") ; 5/8 for 1/2 (’'2 into 0 four 

times, and /* + 1 = 5-') : 8/8 + 5/8 = 13/8 and 5 + 2 = 7 

Chose 8 as C.D. ''rote 7/-3 for 7/8 • and 1/8 for 1/2, 
then 5 + 2 = 7 and 7/8 + 1/8 = 8/8 ; 7 3/8 = 8. 

'5 + 2= 7 ; 7 + 1 = 8 and the determiner is 8" so 

7 8/0. (3 pupi Is) 

■/rote 5 7/8 as '»7/8 and 2 1/2 as 5/2. Then V + 5 = 

52 and “ccMiiinon denominator for this would be 8." '/rote 
52/8 as answer. 

"5 + 2 = 6 ; 7 + 1 = 8 and 8 + 2 = 10.'- 

'Jrote 1|7/S for 5 7/8 and 20/8 for 2 1/2; then sum = 

^7/20 = 2 7/20. 

5 7/0 = 20 (8 + 5 = 13 and 13 + 7 = 20) •. then 2 1/2 = 

5 (2 + 2 + 1 = 5) ; so 20/5 = U. 

'.'rote 7/8 for 7/8 and V3 for 1/2 ; then 7 + ^* = 11 

and 11/8 = 1 V8 (11 - 3 = i|). 

'/rote 5 7/8 as 5 1V16 and 2 1/2 as 2 2/l6 ; (multi- 
plied 7 of 7/3 by 2 so mul t i pi i ed 1 of 1/2 by 2) ; 

5 1V16 + 2 2/16 = 7 16/16. 

"7 + 8 = 15 and 5 is 20 : 1 over 2 is 3 and 2 more is 
5", 20 + 5 = 25. 

'/rote 5 8/8 for 5 7/8 (8 into 8 one time ; 1 + 7=8). 

Wrote 2 5/0 for 2 1/2 (2 into 3 four times ;/»+! = 

5). 5 8/8 = 6 and 2 + 6=0, "bring down 5/8". 

'.'rote 5 7/8 as 5 7/^ ("because 2 will go into 0 four 
times '). . l/rote 2 1/2 as 2 1/A ("because 2 goes into A 
two times"). Added 5+2=7 and stopped. Didn't 
knotv what to do with 7/A + 1/U. 

"8 times 5 is AO, + 7 = /»7 ; 2 times 2 = A, + 1 = 5 ; 

A7 + 5 = 52. 






O 



2/3 + 1/2 = 



Answers 



3/6 

3/5 
5/3 
I 2/6 

1/2 

8/6 



3/1 

1/2 
1 2/6 

3/6 

3/6 



3/6 

8/6 



I nconplete 
1/2 



2 + 1 = 3 ■ 2 end 3 v/ill go into 6 so 6 is C.D. 

(2 pupi Is) 

2+1=3 and 3+2=5. (31 nupils) 

2+3=5 and 2+1=3. (2 nupi Is) 

Chose 6 for C.D. '.'rote 6/6 for 2/3 (2x3 = 6) 
and 2/6 for 1/2 (2 x 1 = 2) ; 6/6 + 2/6 = 8/6 = 

1 2/6. 

•'rote 2/6 for 2/3 and 1/6 for 1/2. Then 2/6 + 1/6 = 
3/6 =1/2. 

"2 (of 1/2) will qo in 6 three tines ; 3 + I = 

Wrote V6 for 2/3 : ' ^ (of 2/3) will ^o in 6 two 

times ; 2 + 2 = Wrote V6 for 1/2. Then 
^«/6 + l |/6 = 8 / 6 . 

= .leed a number that will no into 3 and 1." Chose 

1 as denominator. Then 2 + 1 = 3 for numerator. 

"2 + 1 = 3 and 3 + 2 = 6- ; then 3/6 = 1/2. 

Wrote V6 for 2/3 (3 Goes into 6 two times and 2 + 2 
= k) . ’'rote V6 for 1/2 (2 noes into 6 three times 
and 1 + 3 = t|). /|/6 + V6 = P/6 = 1 2/6. 

Chose 6 as C.D. V'rote 2/6 for 2/3 and 1/6 for 1/2. 

Then 2/6 + J/6 = 3/6. 

“3 can't go into 2 and 2 can't no into 3, so I can 
multiply them together" (gave 6 for denominator). 
Then 2+1=3. 

2+1=2 and 3x2=6. (3 pupils) 

"rote 2/3 as U/(> (three goes into 6 two times, 

2 x 2 = ^) . Wrote 1/2 as ^/6 (2 goes into 6 four 
times and ^ X 1 = ^), then V6 + V6 = 8/6. 

2+1=3 for numerator. Could not remember how to 
find C.D. 

l.'rote as 2/3 + 1/2. Cancelled 2 into 2 for 1 and 1 . 
Then 1 + 1 = 2 and 3 + 1 = ^ for 2/^ = 1/2. 



3/^1 - 1/2 = 

Ans wers 

2/2 or 1 3-1=2 and 4-2=2. (44 oupils) 

2/2 Oiose 2 as C.D. "f!eed to find number that v/i 1 1 go 

into 4 because the bottom number has to be the same 
as this (2 of 1/2)." Then 3-1=2. 

IncoMipJcte Wrote 2/4 for 3/4 ("4 goes into 4 one time and 
3 - 1 = 2") and 2/4 for 1/2 (’’2 goes into 4 two 
times and 2 X 1 = 2"). Couldn't no further. 
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3/^* - 1/2 = (continued) 



Incomolete 



0 / 1 * 

5/1* 

3/8 
1/1 
0/0 
1 2/8 

o/R 

1/2 

I 1 o cti 



2 / 1 * 

2 / 1 * 

0 / 1 * 



22 

2/6 



l*/8 



Rewrote vert! cal ly , ‘‘you *^®ve to make 1* and 2 ever : 

2 won't go into 3 evenly, 8 won't go, 5 won't no into 
1*. try 12 ; 3 divided by 12 goes h times, 1* divided 
by 12 goes 3 times : 1 divided by 12, it wi 1 1 go 

•time, 1 goes into 2 1 time and 1 left oyer. It 

won't go evenly because there is 1 left over. You 
have to try another number. Stooped. ^ ^ 

Chose 1* as C.O. 1* into 1* one time, 1 x 3 - 3. o 

3/1* = 3/1* ; 2 goes into 1* three times 3 x 1 = 3 so 

1/2 = 3/1* ; then 3 “ 3 = 3. 

1/2 = 2 / 1 * and 3/'» = 3/^», then 3 + 2 = 5. • hen you^ 

subtract, you don't subtract, you add the opisosite. 

'■•Have to make the 3 a 13 ; have to make 1 a 1 . 

Then 1 3 - 1* = 9 and 10 - 2 = 0. 

"3 subtract 1* is 1'' (numerator) ; ' 1 subtract z. 

leaves 1'= (denominator). 

"3 won't go into 1' wrote 0 for numerator. h won t 
no into 2" wrote 0 for dcnomi nator. 

?hos= ?. as C.O. Wrota 3/4 as 12/8 (3x4 =12) and 
1/2 as 2/0 (1x2=2). Then 12/8 - 2/8 - 10/8 - 

{hnse'3 as C.O. '/rote 3/4 as 1/8 (''O will no into 4 
two times and 2 wi 1 1 go into 3 one time ) . ... 

1/2 as 1/3 ("Swill go into 2 four tines, 4 will no 

into 1 one time"), 1/6 - 1/8 = 0/fi. 

Wrote 3/1* as 3/^* and 1/2 as 1/1*. Then 3/i» - 1/** “ 

2/i| - 1/2 

M.ot ui.o^r. 8 as C.D. wrote 1/B for 3/^* ("J 9 "®^ into 
3 tv/o tinies and 3 from 2 is 1**). 'Vote 3/'* ‘O'* 

( '8 goes into 2 four times and 1* take away 1 is 3'‘) ■ 
"that ain't gonna work because you can't take 3^ from 
1". Tried C.D. of 16. 3y same process got 1/16 for 
3/1* and 7/16 for 1/2. Still could not subtract 7 
from 1 so gave up. , , , 

Chose 1* as C.D. "rote 3/^ for 3/h and 1 /m for 1/2. 
Then 3/1* - l/'» = 2/1*. 

Chose 1* as C.D. Then 3 ~ 1 “ 2. 

Chose 1* as C.D. Wrote k/k for 3/k ("1* goes mto ^ 
one time, 1 plus 3 is 1*'). ’'rote 5/^ for 1/2 T- 
goes into 1* two times, plus the 1 is 5' )* 
take 5 from 1|, so I borrow one from thv .Jciiominator 

make it 5/V'. Then 5/^» " S/^ = 0/1*. ^ 

•2 take aivay '* is 2, 1 take av/ay 3 'S 2. 

Chose 6 for denominator, 3 - 1 = 2 for Jf 

Then "2 will go into C four times, and 1* will go into 

G with 2 left over.'' , « r m 

'.'rote 6/0 for 3/^ ("^i x 2 = 8 so 3 ^ j' . ^ r 

2/8 for 1/2 (1 X 2 = 2 because he multiplied the 3 ot 
3/1* by 2 bo •'•CO sanui number here). Then *•/“ 

9/0 = V8. 



d-5 



O 



3A - 1/2 = 



(cont i nuod) 



II 

1/2 

Subtract 8 
k 

Ans wers 

21/10 

k 1/5 
k 7/2 

7/3 

1/2 

5 

Incomplete 

39 ^» 

Incomplete 
2 1/0 



”3 over k leaves 1 : 1 from 1 /?. le^^ves 1 ." 

Chose k as C.D. '^rote ^ 3 

minus 1 /^, that would be 2 /l» or 1 / 2 ." 

’.’rote l</*» for 3/h {"k cjoes into one time, 3 ^ I = 
h' ). '/rote yk for 1/2 ("2 will qo into k tv*;o ll...c=, 
2 + 1 = 3 ’’) ^ “ 3 ® 1 "bring down the ' 



2/5 

3/}0 . 



\.'rote 8 2/5 as k2/5, then as 8/»/10. './rote /» 3/10 as 
/»3/10. Then 8/» - /»3 * 21 {"k minus 3 = 1 and 8 - 
gives 2") . 

8 3 - 2 = 1 and 5 from 10 is 5. (12 pupils) 

''k from 8 is : can't subtract 5 (of 2/5) from 2 so 
have to make the 2 a 12 and 12 - 5 = 7‘ ; "can't get 

10 from 3 so make the 3 a 12." (Thought she had bor- 
rowed 1 from 3 of 3/10 to make the 2 of 2/5 into 12 

leaving 2/10 which she now made 12/10). liovj had 

8 12/5 “A 12/10 arranged vertically, then 12 - 5 = 

7 and 12 - 10 = 2. 

‘A subtract 8 leaves k ; 3 subtract 10 leaves 7 
(counted fingers) • 2 subtract 5 leaves 3." 

8 -/»«/» •; "2 goes into 3 one time, 5 goes into 10 
two times." 

Chose 20 as C.D. Wrote 10/20 for 2/5 (wrote 20 as 
denominator and 5x2= 10). Wrote 30/20 for 3/10 
(wrote 30 as denominator and 3 x 10 = 30). Then 
from 8 is ^ and 10 from 30 is 20 so 20/20 = 5. 

"8 take away h is V, ' 2 take away ???" stopped. 

"2 over 5 would leave 3 j 3 over 10 would leave 9 *. 
k from 8 would leave i»." 

Chose 10 as C.D. Wrote jq and "Bring over the 

2 and the 3‘ for 2/10 and 3/10 ; "k from 8 leaves 
k ; "you can't subtract 3 from 2, you have to multiply 
it someway, I c.'jn't remember what it is." 

"3 from 2 you cannot take, go over to S and regroup 
a whole 2. That leaves ^ (in place of 2 of 2/5) 
and that leaves 7 (in place of 8)." Then "3 from 
leaves 1; "10 from 5 you cannot take so you go to 
7 and regroup a 5, that leaves 10 (in place of 5 of 
2/5), and that leaves G'' (In place of 7 replacing 
original 8). Then 6 i»/10 - k 3/10 = 2 1/0 {G - h 
leaves 2, - 3 leaves 1, and 10 - 10 leaves 0). 



Subtract 8 2/5 
3/10 



(continued) 



0/10 

3 9/10 
3 9/5 

76/i»0 

0/10 

9/10 
3 9/5 

3 9/5 
2 9/5 

3/5 
2 9/5 



Chose 10 as C.D. '..'rote 8 VlO for 8 2/5 ("5 cjoes 
into 10 two times, 2 + 2 = V); wrote ^ 1»/10 for 
3/10 ("10 will qo into 10 one time and 1 + 3 = ) - 

Then G 1»/10 - k lf/10 = k 0/10. ("8 - /, = If , /• - 1» = 

0, brina dov/n 10"). 

'/rote S' 2/5 as 8 2/10 and k 3/10 as ^ 3/10. Harked 
out 8 made i t 7 made 2/10 into 12/10. Then 7 " ^ 

= 3 and 12/10 -• 3/10 = 9/10. 

10 will not go into 5 so change 8 to a 7 and 2 (of 
2/5) to 12. Then I borrow one from 12 making it 

11, and making 5 (of 2/5) a 15" ; so 7 11/15 “ 

^ 3/10 = 3 S'/5 ("^ from 7=3; 10 from 15 = 5 ; 3 

from 11 = 9"). 

’/rote 80/10 for 8 and VlC for 2/5. Subtracted U 
from 80 for 76/10. ''rote 1| as 80/20 and 3/10 as 
6/20; subtracted 6 from 8 and got ll» for ll»/20. 

Then 76/10 over ll»/20. ConverUd to 30V^0 over 
28/1»0. Subtracted 30^4 - 28 = 0?6. So ansv/er is 
76/1(0. 

v'rote 1(/10 for 2/5 ("5 into 10 twice, 2 + 2 = 1(") . 
'.'rote I 4 /IO for 3/10 (10 into 10 once 1 + 3 = 

Then Q - ^ k and I 4 /IO - VlO = 0/10. 

Oorrof'/ed 1 from 8, made it a 7. Made 2 of 2/5 a 

12. Then 12/5 ~ 3/10 « 5/10. 

Dorra/ed 1 from 8, made it 7 and 2 of 2/5 into 12. 
Then 7 12/5 - 3/10 = 3 9/5 C''* take away 7 is 3 ; 

3 take away 12 is 3, and 10 take av/ay 5 is 5") • 

"8 take away k is you can't take 2 from 3 so you 
borrov/ from (the difference number)". Then '12 
take away 3 is 9 and 5 take away 10 is 5." 

Cross out 8 make it a 7 and 2 of 2/5 a 12. Cross 

out 7 make it a 6 and 5 of 2/5 a 15. Then 6 12/15 ~ 

4 3/10 = 2 9/5. (6 - l( = 2 ; 12 - 3 = 9 : 

"15 • -10 = 5). 

"C take away k is "Can't take 3 from 2, borroiv 

from 8 make it a 7, and 2 (of 2/5) a 3, then 3 take 

aivay 3 is 0 ',5 can't take avay 10 ; borrow again, 
that's a 6'‘ (crossed out 7), made 5 (of 2/5) a 15. 
Then 12/15 - 3/10 » 5?/5 (had previously written 0/5 
and now corrected to 9/5) . 

3 from 2 won't go so cancel 8 and make it a 7. Make 
the 2 (of 2 / 5 ) a 12 ; 10 from 5 won't go so cancel 
the 7 make it a 6 and this 5 (of 2/5) a 15. 'Then 
6 12/15 - ‘t 3/10 » 2 3/5 (^ frcxn 6 is 2, 3 from 12 

is 9 ; 10 goes ir»to 15 once with 5 left)." 
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Subtract 



8 2/5 
k 3/10 



(cont i nued) 



I ncomplete 



3 n/5 



6/50 



2/10 



3 1/10 



3 5/10 



5/ 



'5 from 10 is 5. ^ from 8 is l*, and 2 from ..." 

‘■nh! can't take 8 from ^ or 10. from 5." Then "5 
from 10 is 5, 2 from 3 is 1, have to find a way to 
make the ^ bigger because you can't take 8 from i\.“ 
Stooped. 

from 8 is 2 into 3 wouldn't go, you nccil a 
proper fraction, borrow from next number over, borrov/ 
from here (the 8) ; that'd uc y » n..t 1 fr<^ 

3 with 2 of 2/5 to make 12/5 ; then 7 12/5 ~ ^ 3/H' “ 
3 11/5. 

Wrote 2/5 as 8/5Q. ("5 will go into 50 ten times 

and 10 from 2 is 8"). I'rote 3/10 as 2/50 ( 10 will 
go into 50 five times and 5 from 3 's 2"). Then 
Q - s and 8-2*6 for ^ 6/50. 

Chose 10 as C.D. '.'rote 0/10 for 2/5 (5 goes into 10 
two times and 2 take away 2 is O’). Wrote 2/10 for 
3/10 ('*10 goes into 10 one ti.me, and 1 take away 3 
is 2") . 8 0/10 - 2/10 * 2/10. 

"8 take away is 6. L.C.D. is 10 ; 5 go into 10 two 
times ; 2 + 2 * ^ ; ten no into 10 one time ; 1 + 3 “ 
so wrote 1|/10 for 2/5 and 1|/10 for 3/10. 'You 
can't subtract from k so you borrow one from h 
(remainder from Q ~ k) , make it a 3« Hake ^ (of </l0 
written for 2/5) a 5* Then 5/10 - 6/10 = I/IO. 

Chose 10 as C.O. '/rote 3/10 for 3/10 and 2/10 for 
2/5. Borrowed 1 from 8. Made 2/10 into 12/10. 

Then 7 12/10 - 6 3/10 * 3 5/10. ^ 

"You can't take 10 from 5, so borrow 1 from c and 
add 5/5 to 2/5" for 7 7/5. Then ' 3 from 7 is 6. ' 

Did not proceed further ‘because you can't take 10 

from 5." . ^ _ 

'.Vote 3 2/5 as 7 12/5 ; "12 take away 3 is 9 ; 5 
can't take away 10, I am stuck on that answer. 
Stopped. 
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VI 



1 \/l - h \/k* « 
Answers 



(Four Schools) 



3 3/'« 
2 0/9 



3 0 / 

3 2//» 
'‘/i 
3 0/2 
3 2/8 



VI 

8 

3 1/ 

133 

3 I/'* 

1/0 



"2 and ^ will go into ^''soC.D. = Said'2x2~ 

/» ; 2 X 1 = 2 ; (so 1/2 became 2/^) . Add your 1 
(of 1/^) for 3A. from 7 Is 3. " 

"7 wholes take away ^ wholes would be 3 wholes • 2 
won't take away so have to borrow 1 from 7 and 
make it a 6 ; 6 take away ^ i s 2 ; the 2 (of 1/2) 
would turn into a 12 ; 12 take away ^ would be 3, 
and 1 take away 1 would be O.'' Answer 2 0/5. 

"7 take away ^ leaves 3 ; 1 take away 1 leaves 0, ' 
couldn't proceed further. 

’(rote 1/2 as 2/k and ]/k as ^/^ ("because we are 
working on fourths"). Then 7 2/^ - ^ ^/^ = 3 2/^. 
'.'rote 7 1/2 as 15/2 and ^ 1/4 as 17/^. Then "15 
from 17 is 2 ; 2 from 4 is 2". 

7 ~ 4 = 3 ; 1 from 1 = 0 (for nuitterator) , 2 from 
4=2 (for denominator). (4 puoils) 

Chose 8 as C.D. '.'rote 1/2 as 2/8 (wrote 8 as 
Hciioiiii nator then 2x1=2) ; wrote 1/4 as 4/8 ( .xote 

8 as denonji nator ; then 4x1=4) •. 7“4=3 and 
4 - 2 = 2 for 3 2/8. 

"7-4=3;1-1=0-2 from 4 leaves 2" for 
30/2 so just say 5 ; add the 2 and 3." 

"2 subtract 7 is 5, subtract 1 more is 4 (numerator) , 
4 subtract 4 is 0, and 1 more is 1 (denominator). 

"2 times 7 is 14, minus 1 is 13" • "4 times 4 is lf> 
minus 1 is 15" • wrote 13 below 7 1/2 and 15 belot/ 

4 1/4. Then 13 - 15 = -3 ( '13 - 5 is 8— counted 
fingers--0 - 1 is 0"). Answer 8. 

"4 from 7 is 3 ; 1/4 and 1/2 will give me?? I can't 
figure out the bottom digits, for the top 1 fr\>m 1 
will give me nothing. So I will put the 1 down. 

Could not proceed further. 

"1 over 2 leave 1 ; 1 over 4 would be 3 i 7 from 4 
would leave 3.' 

’..'rote 1/2 as 3/4 ("2 goes into 4 one time, 1 + 2 = 
3"). \/rote 1/4 as 2/4 ("4 goes Into 4 one time, 

1 + 1 = 2"). "7 - 4 = 3 : 3 - 2 = 1 ; bring down 4." 
"1 from 1 you cannot take, so go to 7 and borrow a 
whole 1 , that leaves 2" (changed 1 of 1/2 to 2) ; 

"4 from 2 you cannot take, go over here and borrov/ a 
v/hole 2, and that leaves 5t" (the 2 of 1/2 became 4). 
Then 2/4 - 1/4 = 1/0 '‘that leaves 5" (from changing 
7 to 6 and 6 to 5). Ignored whole number 4 in 4 1/4. 



* This exercise was not used in interviews 



in the last 2 schools. 



B-5 



5/3 - 1/3 



Anst ^ers 



'»/5 

1 



3/2 

A/2n 



I ncomplete 



V3 



S/2ii 

I ncomplete 



Incomplete 

l|/2i| 

1/2 

k/2k 

1/3 

1/8 

1/i» 



"1 from 5 is 3 from 8 is 5 .' ( 2 <) pupils) 

■•'You can't subtract 8 (of 5/8) from 5, so make the 5 
a 15" : "you can't get 3 (of I/ 3 ) so you have to 
make the 1 a 10." Then 15 ~ 8 = / (^minted) and 

10 - 3 = 7 . Answer 7/7 “ !• 

•’8 take away 5 leaves 3" (numerator) ; "3 take 

1 leaves 2 " (denominator). 

C.D. is 2 ^ because 3 x 8 = 2^l and 8 x 3 = 2 ». 'irote 

Vi 2ir. "Put 1 here and 5 here it will be A/2^i.’ 
Chose 2k U C.D. ’.'rote 1/3 as ^/2k ("3 will go into 

2k eight times ; 1 + 3 * 9") ; wrote 5/8 as 8 / 2 ^i 

(‘•3 will go into 2k three times, 5 + 3 = 8"). 

Decided "8 (of V2k) is too small. ’ Could not nro- 
ceed further. 

First chose 2 as C.D. "2 goes into 8 four times, 

2 goes into 3 one time." Changed to 3 as C.D. .^rote 

3 as denominator of answer then 5 ~ 1 ® ^ for 
numerator. 

»./rote 15 / 2 i» for 5/8 and (->/2k for 1/3 (3 can go into 
2k six times). Then 15 “ 6 = 9. 

'./rote 2 / 2 ^» for 5/8 "8 goes into 2 ^» three times ; 5 
take away 3 is 2 ’’). '/rote 7/2k for 1/3 ("3 goes 
into 2^1 eight times, 8 take away 1 is 7") : 
ain't gonna work because you can't take 7 from 2 .' 
Stopped. 

'.Vote 2/2k for 5/v8 ("8 goes into 2^i three times, 3 
take a*vay 5 is 2 ") ; wrote 7 / 2 ^ for 1/3 (' 3 goes 
into 2k eight times, 8 take away 1 is 7"). "Can't 
multiply 7 from 2.' Stopped. 

Chose 2l| as C.D. Then wrote 5/2^ for 5/8 and 1/2 m 
for 1 / 3 . Then 5/2^1 - 1/2^ = k/2k. 

Chose 2k as C.D. Then "1 from 5 is k" for difference 
of k/2k. Reduced to 2/^i ("because a half of A is 2 
and I just know ^ will go into 2^ ') ; 2/k - 1/2. 

Chose 2l» as C.D. Then '5 take away 1 is ^» ' for k/2k. 
Chose 23 as C.D. because "3 times 3 is 28 and 3 
times 8 is 28". 'Vote 5/0 as 15/28 and 1/3 as 3/28. 
Then 15/28 - 8/28 = 7 / 28 . 

Chose 16 as C.D. './rote IO/I 6 for 5/8 and 8/16 for 
1 / 3 . Apparently thought of I 6 as C.D. for 5/8 and 
2k as C.D. for 1/3 yet wrote I 6 for both. Then 
10/16 - 8/16 » 2/16 » 1 / 8 . 

'./rote 1/3 as 6/8. To make denominator of 1/3 same 
as that of 5/8 added 5 to 3. Then must add 5 to 
numerator and 1+5*6. Then 5/8 - 6/3 = 1/8 
(6-5*1). 

'./rote 5/8 as \S/2k and 1/3 as S/2k. Then "8 from 
15 Is 6 " for 6/26 « ]/k. 



0-10 



Subtract 3 2/3* 

5 7/8 (Two Schools only) 



Answers 



3 5/2‘i 
1| 2/2l» 

1/3 

3 5/2‘i 
3 '»/5 

Incomplete 

I ncomplete 
i* 0/24 

3 5/28 

3 6/24 



V'rote 2/3 as 16/24 and 7/8 as 21/24. Borrov/ed 1 
from 3. Made 16/24 into 26/24. Then 26/24 - 21/24 - 
5/24 and C •• 5 = 3. (3 pupils) 

'.'rote 6/24 for 2/3 ("3 goes into 24 eight times and 
8 take away 2 Is 6") ; wrote 4/24 for 7/8 ("8 goes 
into 24 three times and 3 from 7 is 4") • then 6/24 - 
4/24 = 2/24 and 9 - 5 = 4. 

'.'rote 16/24 for 2/3 and 21/24 for 7/8. ''I can't 

subtract 21 from 16 so I borrow 1 from 9 and make it 
8. ' Then wrote 24/24 for 16/24. Then 24/24 - 21/24 = 
3/24 = 1/0. Ignored ivliole numbers. 

Chose 24 as C.D. ’.'rote 2/24 for 2/3 and 7/24 for 
7/8. Borro\/ed 1 from 9 made 2/24 into 12/24. Then 
8 12/24 - 5 7/24 = 3 5/24. 

'.'rote 0 2/3 as 8 11/13 ("take 1 from 9, make it an 

8, make 2 a 12, take 1 from 12, make 3 a 13"). Then 
11 - 7=4 and 13 “8=5 ; 8-5 = 3. 

"rote 2/3 as 16/24 and 7/8 as 21/24. "Can't take 
16 av/ay from 21, cross out the 9, make it an G." 
Didn't know what to do with borrov/e.d one. 

','rote 2/3 as 16/24 and 7/8 as 21/24. "I can't take 
21 from 16", wrote 32/43 and 42/48. Cave up. 

'./rote 2/3 as 10/24 ("3 goes into 24 eight times and 
8 + 2 = 10"). './rote 10/24 for 2/3 (' 3 into 24 thre.e 
times, and 7 + 3 = I'O"^ 9 10/24 - 5 10/24 = 

4 0/24. 

Chose 28 as. C.O. because "3x8= 28 and 3x3= 28. ' 
"rote 2/3 as 16/20 and 7/8 as 21/28, borrov/ed 1 
from 9 made it 8. Changed 16/28 into 26/23. Then 

8 26/28 - 5 21/28 = 3 5/2O. 

'.'rote 2/3 as 16/24 and 7/8 as 21/24. ‘You can't 
take 21/24 from 16/24 so you have to cross out the 

9, put an 3 ; 2 and 9 is 11 *, and 11 and 16 is 27." 
Then 8 27/24 - 5 21/24 = 3 6/24. 



3 "Cross out 9 make it 8 and 2 (of 2/3) a 12" r "cross 

out 3 make it 7 and 3 (of 2/3) a 13." Then 7 12/1 ^ 

• 5 7/8 = 2 5/5 (7 - 5 = 2 ; 12 - 7 = 5 ; 13 - 8 = 5) 

= 3. 

3/24 V'rote 2/3 as 16/24 and 7/8 as 21/24. Borrowed 1 from 

9 make it 8 ; changed 16/24 into 24/24 (probably 
thinking 3/8 for 1). Then 24/24 - 21/24 = 3/24. 
Ignored whole numbers. 



* This exercise was included in interviews In last 2 scliools only. 
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O 



Subtract 



9 2/3 
5 7/8 



(conti nued) 



2 4/5 



2 5/5 



2 5/5 



4 5/5 

Incomplete 



•’You can't take a higher fraction from a loi-/er 
fraction so you have to borrow ; to take a whole out 
of there (the 9) you need 3 thirds, so you take 2 
out of there (the 9) ; would be 9/3 and 9/3 2 

v/ould be 11/3." So 7 1 1/3 - 5 7/8 = 2 4/5 (7 * 5 = 

2 ; 1 1 - 7 = 4 ; 8 - 3 = 5) . 

"Can't take 7 from 2 so yoii have to borrow, make 9 
an 8, and 2 (of 2/3) a 12. Can't take 8 from 3 so 
you have to borrow, cross out 8 and out dovm 7, make 

3 (of 2/3) a 13.' Then 7 12/13 -57/8=2 5/5 

(7 - 5 = 2 ; 12 - 7 “ 5 ; 13 - 8 = 5). ^ 

"7 into 2 won't go, so cross out 9 and make it , 
that's 12 (made 2 of 2/3 into 12) ; 7 from 12 is 5" ; 
"8 into 3 won't go so cross out 8 and make i t a 7 ; 
make this 13 (3 of 2/3)." Then 7 12/13 -57/8= 

2 5/5. 

"9 take away 5 is 4 ; 2 take away 7 is 5 ; 3 take 
away 8 is 5." 

Wrote 2/3 as 16/24 and 7/8 as 21/24. "Mov/ if I 
borrow 1 from 9 and put it on that (16 of 16/24) I d 
get 17, but I still couldn't do It." 



2/3 X 3/5 

Answers 

9/10 
1 1 / 

6 0/15 

90/15 



10/9 

15 

615 

2/15 



"You multiply across." 3x3=9 ;5x2= 10. 

"When you multiply, you divide so you say 2 from 3 
is 1, it will leave 1." Confused, could go no 
further. 

Wrote 10/15 for 2/3 and 9/15 for 3/5. Then 9 x 10 
= 90 over 15. Divided 15 into 90, got 6 and remain- 
der 0. Wrote as 6 0/15. 

Wrote 10/15 for 2/3 and 9/15 for 3/5. Then 9 x 10 = 
90 over 15. (27 pupi Is) 

Wrote 10/15 for 2/3 and 9/15 for 3/5. Then 9 x 10 = 
90 over 15 ; 90/15 = 45/3 = 15. 

2 x 5 = 10 and 3 X 3 = 9. (4 pupils) 

2x3 (of 2/3) = 6 ; 3 X 5 (of 3/5) = 15. 

2 X 3 = 6 ; 3 X 5 = 15. (2 pupi Is) 

Chose 15 as C.D. Wrote 2/15 for 2/3 ("15 goes into 

3 five times, 5 will go into 2 two times"). Wrote 
1/15 for 3/5('#15 goes into 5 three times, 3 will go 
into 3 one time"). Then with 2/15 above 1/15, 

"2 X 1 = 2, answer 2/15." 



B-12 





i 



i/3 X 3/’;.' 



\cc iit ! I lu 



!‘.0 

i 'j/1'" 

95/ Hi 



10/9 

'715 



5/5 

^ 6/15 



incc;:nr)lf!te 



100 

6/5 



2 2/5 
1/2 

2/3 



2/3 ‘i.'S - 2/15 X ../ij - (. M'- i '- / 

Answer v/as accidentelly corre'.t. 

2x3=6 • 3 X 5 = 15 : 6 X 1C - ^,0. 

2x3=6 and 3x5= 15 for 6/15 reuuct d 
incorrectly to 3/5. 

'./rote 10/15 for 2/3 and 9/15 for 3 / 5 , ' Add 10 and 
5, leave 19 for 19/15 ; fiat'll .^e 16, 17 , 1.3, i^* 
or 1 //1 5.'' 

''rote 10/15 for 2/3 and ','-715 foi 3/5 ; v/rot>. 10 
above 15 to multiply ; ”9x5= ^5, carry h ; 
Ix5=5,+^=9;9xla9 and 1 x 1 « I, makes 
th.3t 19. ■ ‘/rote 95/19. 

‘/rote reciprocal of 3/5 and multiplied 2/3 x 5/3 = 
10/9. (.2 pupi Is) 

2 X .• = 6 (from 2/5), 3 x 5 = 15 (from 3/5). Answer 
Wris accidentally correct. 

”BoH- 3 ^nd 5 are prime, so 3 and 2 .lore is 5.” The 
answer is 5/5. 

C!;os', as C.O. ‘.'rote 7/15 for 2/3 (“3 poes into 
15 '"•ve tines, 5 2 = 7“) i wrote C/15 for 3/5 ("5 

goes into 15 three tines, 3 + 3 = O'). Then 7/13 + 
6/15 : X 7 is hi (counted 19, , 28 , 36, 6.6) so 

answer is 66/15. 

’..'rote 2/3 as 10/15 and 3/5 ns ?/\5. First thought 
answer is 1/15 hy subtraction, then ssic! '•! i/ould 
like to multiply 9 by 10 lut 1 know that's vrrong. 
Gave un. 

■2x5= 10, put darn 0 .=:rid carry ] ' ; 3x3 = 5, 

+ 1 = 10. Ansiver 100. 

'/rote 2/3 x 3/5 = 6/5. ”5 and 2 won't go, 3 and 3 

go cnl'' I tine.” Crossed out 3 of 2/3 and made It 
i. Then 2x3=6 and 1 x 5 = 5. 

‘/rote 2/3 as 6/5. (‘‘L'enoni nators must be same, add 
2 to 3 and get 5. Must add same to numerator so 
2 + 2=6”). Then 6/.F x 3/5 = 12/5 = 2 2/5. ') 

'2 goes Into 5 wi th 1 left.” ’’rote 2^ below 3/5. 

' 3 can't go into ;,‘v/rote 1 in numerator and 2 in 
denoni n.ator. ”!!ov/ 1/2 tines something but I don't 
know.” 

2/3 X 3/5 = 6/15. "To reduce, divide by 3/3 ; 6 
goes into 3 two times : 15 goes into 3 three times 
so that'll be 2/3.' 



* This netfiod will yield correct ansv/ers if C.D.- is oroduct of 
denominators . 




D“13 



60 



2 1/2x6 



Answers 

3/6 

12 1/2 

1 5/2 

1 ^ 0/2 

2 6/2 
12 

2 12/2 
17 

12 5/2 
30 

h 1/6 

2/0 

8 1/2 
60/2 

10 2/^4 

12 3/1 

2 6/12 
2^ 

7 



“I have 2 v/hole pies and a half of a pie. I take 6 
slices from it, that will be 3 over 6.” 

6x2= 12, affixed 1/2. (27 pupils) 

Rewrote vertically as 2 1/2 above 6/1. ''Cannot take 
6 from 1 so borrov/ 1 from 2, make it 1, and make 
11/2" (from 1/2). Then 1 11/2 •• 6/2 = 1 5/2. 

Wrote 2 1/2 as 5/2. Then 5/2 » 20/2 and 6/1 = 12/2. 
12 X 20 = lAO. 

Oring over 2 ; 1x6 = 6 (numerator), bring over 2 
"but that's a top heavy number." 

'.'rote V2 for 2 1/2 U X 1 = 2 ; x 1 = k) and 6/1 
for 6. Then k/2 x 6/1 = 2l|/2 = 12. 

’.'/rote 2 1/2 above 6/1. Then 1/2 for 1/2 and 12/2 
for 6/1. Then 2 1/2 x 12/2 = 2 12/2 ("12 x 1 = 12 
and 2 is C.D.' ). 

’.'rote 5/2 for 2 1/2. Then 5/2x6= 17 ("6 x 2 = 

12, + 5 = 17"). 

'Wrote 2 1/2 '= 5/2 above 6 (6 immediately below whole 
number .2 of 2 1/2). Then '6x2= 12, bring doivn 
5/2 ." 

"2 X 2 is ^4, + 1 is 5 • 5 X 6 = 30." (2 punils) 

Wrote 2 1/2 x 1/6 with 1/6 under the 2 1/2. "'When 
we have a whole number, we nut a 1 over it. 2 times 
2 is ^ ; tines 1 is k." Wrote ^ and added 1/6 for 
ti 1 / 6 . 

"2 X 1 (of 1/2) = 2", wrote 2 in numerator "and that 
would be 0" (denominator) since there was no number 
after 6. 

6x2=8, affixed 1/2. (2 pupils) 

’/rote 5/2 for 2 1/2 and 12/2 for 6. Then 5/2 x 12/2 

= 60 / 2 . 

"Change 6 to a fraction, make it 5 1/2" (take 1/2 
away from 6). Then 1x1=2 and 2x2=^“, wrote 
2/I4 ; 5 X 2 = 10. 

"6x2=12 • 6x1=6, over 2." Wrote 12 6/2. 

"2 goes into 6 three times ; 2 goes into 2 one time, 
answer 12 and 3 over I." 

"(Irino over the 2, 6x1 = 6 •, 6x2=12. Ansv/er 
2 6/]2.‘^ 

"2 X 2 = k times 1 is A." './rote ^4 below 2 1/2. Then 
A X 6 = 2^. 

l.'rote 5/2 for 2 1/2 and 6/1 for 6, then 5/2 x 6/1 = 
30/2. In reducing ’'2 x 10 = 20 with 10 left ov<*r.'’ 
T/t/j, 2 JO/2, and JO/2 = 5so2+5*®7. 



VI 



(cont i nued) 



21/2x5 

3 



6 



10 1/2 
ink 
8 1/2 
7 36/1? 



5/12 
2 7/2 
12 2/3 

S 1/2 
11 

120 

60/2 

15/2 

12 1/^ 



2 



_6 

i?r 

6 

,'li 

2 36/12 



','rote 2 1/2 above 6/6 ( ‘6 can bo ch<«;ycd to 'n 
improper fraction so i t wi 1 1 be 6/6")* “rote 
2 3/6 for 2 1/2 above 6/6 ; then '6 + 3 (counted) = 

!) brinn doi-zn your 2.'= 'Vote 2 9/6 ; then counted 
"6, 7. 0, 9, leaves 3. ' 'Vote answer of 3. 

2/2 X 6/1 = 12/2 = 6 ; then 5/2 x 6/1 = 30/2 = 15 * 

'•I don't know which one is right, I just did it tv<o 

wsys • " 

'/rote 2 1/2 x 6/1, multiplied 1/2 x 6/1 = 6/2. 

"rote this as 3 then ' 3 + 2 = 5.” (2 oupils) 

"rote 2 1/2 for 2 1/2 above 5 2/2 for 6. Then 

5 X 2 = 10 and 1/2 x 2/2 = Hk for 10 Hk = 10 1/2. 
"rote Hk for 1/2 and 1/6 for 6. Then 2/^ x 1/6 = 
ir?M. 

‘,/rote 6 X 5/2 said "five halves times 6 is 12 and 
1?. and 5 is 17, so 17/2 = 5 1/2.' 

Arranged work like this. 

Chose' 12 for C.D. ("6 is 2 x 3 and 
2 is prime, so that'll be 2 x 2 = ^ 
and X 3 = 12"). Then 't goes into 16 
12 six times. ' './rote 6/12 by the 6. 

You automatically put a one tliere' 

(to left of 6). Then 2 goes Into 12 
six times and 6x1= 6." "rote 6/12 by 2 1/2. 

'6 X 6 = 36 over 12 and ? x 1 = 2, so it's gonna be 

2 36/12." 

"rote 2 1/2 as 5/2 and 6 as 1/6. Then 5/2 x 1/6 = 

5/12. (2 pupi Is) , o . 

'..Vote 2 1/2 above C/1. "6+1 = 7 and 2x1=2. 

'..Vote 7/2 then affixed the 2 for 2 7/2. 

'•2x6=12 ; 6 X 2 = 12, and 6x1= 6." '.Vote 
12 6/12 then reduced 6/12 to 2/3 ("2 can go into u 
and 3 can go into 12"). 

"2 into 6 v/ould be 8 and put doir/n 1/2.’ 

'.'rote 2 1/2 above 5 2/2 ("I am going to borrow 1 from 

6 and make it 5 and 2 twos"). Then 5 x 2 = 10 and 
1 X 2 = 2 so 10 2/2 = 11. 

Wrote 6 belav 2 1/2. "0 times 1/2 = 0. There is 

nothing under 1/2 so multiply by 0, 6 x 2 - 12. 

Ansv/er 120. , 

’..Vote 2 1/2 as 5/2 and 6 as 12/2. Then 5/2 x 12/2 

= 60 / 2 . 

Wrote 2 1/2 as 5/2 and 6 as 6/1. Then ^2 x 6/1 - 
30/2 reduced to 15/2 ("2 goes into 30 fifteen times 
and the denominator is 2"). 

"2x6= 12 ; 1/2 X 1/2 = 1/V' (since there was 
nothing beside the 6 he mentally affixed 1/2), making 
the exercise 2 1/2 x '.■> 1/2. 



B-15 



5 1/2 X 3/^ = 



Answers 

5 3/3 
15 1/A 

77 

5.2A 



5 5/A 

7 1/3 

5 A/6 
66/A 

^ ^ 

30 3/0 

16 1/2 
3/A 



5 A/8 
5 2/3 

30/A0 

8 0/8 



"1 X 3 = 3 • 2 X A = 8, brim over 5." (2A pupils) 

V/rote as 15 3/A -- 3/A = 15 1/A. 'Always keep whole 
number (which he wrote as 15) and denominator (A).'- 
Then "3 Into 3 qoes 1.'‘ 

»'rote 11 for 5 1/2 (“5 x2 = 10, + 1= 11). Then 

"1 1 X 3 = 33 ; 1 1 X A = AA ; 33 + AA = 77. ' 

Considered cancel linp "but that v/ouldn't work because 
you need another whole number over here (3/A) or 
not one over here (5 1/2) ; you need 2 v/hole numbers 
or none at all if you are to cancel." Then "1 x A = 
A" (1 from 1/2 and A from 3/A), '/rote A ; "2 x 3 = 

6" (2 of 1/2 and 3 of 3/A), wrote 6 by A like this 

A. 6 ; ''A X 6 = 2A brinp over 5 and answer Is 5 
twenty-fourths" wri tten 5.2A. 

Rewrote vertically. Then 2/A for 1/2 and 3/A for 3/A 
"3 X 2 is 5, that's 5/A, bring down 5." 

Wrote 11/2 for 5 1/2 and reciprocal of 3/A. Then 
11/2 X A/3 = AA/6 =72/6=7 1/3. (2 pupils) 

"A X 1 = A ; 2 X 3 6 , bring over 5.'' 

Chose A as C.D.- ''rote 5 1/2 as 22/A and 3/A as 3/A. 
Then 22/A x 3/A *. 66/A. 

•A. I rtiiyof, wo»k this way 3/A x 5/1 = 15/A = 3 3/A 

1/2 X 3/A = 3/A = 

3 6/A = 

A 1/2 

Couldn't do it with only one whole number so inter- 
viewer made exercise 5 1/2x6 3/A. Then "1x3= 

3 ; 2 X A = 8 ; 5 X 6 = 30." 

Wrote 5 1/2 as 22/A. Then 22/A x 3/A = 66/A = 16 1/2. 
Chose A for C.O. Wrote ^ and 2 j-. Then wrote 5 1/A 

X 3/A = 3/A ("will have a 5 here, a 1 here, and a 3 
here"). "1x3 = 3." Wrote 3/A. "I don't kno»v ho.-/ 
to multiply by 5 ; I'm not sure whether to multiply 
by A, or 3, or either one, 3/A of 5 is A, but I don't 
know v/hat to do with it." Left answer 3/A. 
"3xl=A;Ax2=8; bring over 5." 

■'1 X A = A ; 2 X 3 = 6 ; A/6 = 2/3. ' Affix 5 for 
5 2/3. 

"2 X 5 is 10 •, 10 X 1. is 10." '-.'rote 10 under 5 1/2. 
Then "10 x 3 = 30 ; 10 x A = AO." Answer 30/AO. 

V/rote A/8 for 1/2 and 6/8 for 3/A. Then A/8 x 6/8 = 

2 A/8. Reduced to 3 0/8, added 5 for 8 0/8. 



P-16 



(conti Rued) 



5 1/2 X 3A = 

5 30/150 '/rote 5 1/2 above 3/^- Then 1/2 = &/12 and = 

9/12. 9 r 15 and 15 x 12 = ? Then 15 x IT. 

wrote 12. '5 x 2 = 10, write 0 carry 1 ; 1 x 2 = 2 , 

15 + 1 = 3" for 30 (numerator). "Then I 

write a~0 (in denominator) and 1 x 5 is 5, I x 1 is 
1." '.'rote 150 in denominator and brouqht da;n 5 for 

5 30 / 150 . , . , . 

5 3/2 '/rote 5 1/k for 5 1/2 above Z/k. Then 2x3 = 6 

over Affixed 5 for 5 6 /^ = 5 3/2. 

22/3 Wrote 11/2 for 5 1/2 and reciprocal of 3/^. Then 

11/2 X V3 * 22/3 (cancelled 2 into ^) . 

11 3/^» "5 X 2 = 10, + 1 = 11, so 11 3/^." Then x 11 = 

+ 3 = '«7. or W = 11 3/l». 

15/i»0 '/rote 5/10 for 1/2. Then 5/10 x 3/^ = 15/^0. Iqnor.-d 

whole number 5. . 

5 2/A Wrote 2//» for 1/2 and 3/1/ for 3/l». Then 2 x 3 = 6 

for 6 /l» = 1 2 /l» •, "that'll equal 5 2 /l»." 

5 6 //» //rote 2/l» for 1/2 and 3/l» for 3/l». Then 2x3 = 6 

for 6 /l» ; bring over your 5." 

5 3//» Chose A 35 C.O. '/rote 1/2 as 1/1» and 3/1' as 3/'i. 

"3 X 1 is 3." ’/rote 3/l» and affixed 5. 

6 2/1/ ''rote 2 /l» for 1/2 and 3/l» for 3/l» " 3 x 2 = 6 ." 

Wrote 6///, affixed 5 for 5 6/l» = 6 2/l». (2 pupils) 

5 3/4 "First it would be 5, then 1 x 3 is 3 and C.D. is A 

so 5 3 / 1 /. ■' (2 pupils) 

/» 3/8 Wrote 5 1/2 above 3/l». "Have to find the denominator, 

so you borrow 1 from 5 , make that a 1 /, add ' t 0/1 to 
the 3 / 1 *. makes that 1 Z/^ and 1 times 1 » is 
Then 1/2 x 3/l» = 3/8 ("3 x 1 = 3 and 1» x 2 = b ) . 

5 3 //j "This is 1» (wrote as denominator of fraction in 

answer), and this is 5 " (v^rote as whole number of 
answer), "1 x 3 Is 3" so 5 3/l». 

26 7/8 Wrote 5 1/2 as 11/2 and 3/l» as 3/l». Then H/2 x 

3 //j a 33/0. Counted from 8 to 33 on fingers for 2(> 
then from 26 to 33 and got "7 left" so 26 7/3 answer. 
16 1/2 Chose l» as C.O. ''rote 15 2/l» x 3/l» = 15 6 //| = 

16 2/l» = 16 1/2 (2/l» X 3/l» = 6 /l» and 3 X 5 = 15 for 

15 6/l»). 
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9/10 T 3/10 = 

Ansv^ers 



3/10 


‘’3 into S goes 3 times, bring over the 10." 
(6l fiupi Is) 


27/10 


’’.'hen you divide you multiply, that vmuld give you 
27/10" (3 X 9 = 27). 


3/0 

3/20 


"10 divided by 10 is 0 ; 9 divided by 3 is 3." 
V/rote 18/20 for 9/10 and 6/20 for 3/10. Then 
18/20 f 6/20 = 3/20 ("6 into 18 goes 3 bring dov-m 
20"). 


i»/9 


’/rote vertically 1 1/9 for 9/10 and 3 1/3 for 3/10. 
Then 3 + 1 = ^ and 1/9 + 3/9 = ^»/9. 


3/0 


"9 into 3 le.ivcs 3 (numerator), 10 into 10 leaves o" 
(denominator). (3 pupils) 


6/10 
2// 10 


"5 divided by 3 = so 6/10. 

"The denominator would be 10 ; 3 x 9 = 27 ; and 27 
would be numerator." (2 punils) 


2l» 


"9 over 10 go 1 time" (1 left over): wrote 1 1 

"3 over 10 goes 3 times vm th 1 left over." 1 3 

’./rote 1 and 3 under the ones as here. Then 
added 1+1=2 and 1 + 3 = ^ for 2k. 


6 


"9 divided by 3 = 6 and 10 divided by 10 = 1, ‘ so 
6/1=6. 


1/3 


3 into 9 is 3 and 10 into 10 is 1. first v/rotc 


3 2/3 


answer as 3/1 then rewrote as 1/3. 

Divided 3 into 9 this way 3/9^ got 3 92. ’.'rote as 
3 2/3. 


1 ncoriip Ic te 


"9 won't go into 3 ; 3 goes into 9 three times and 
3 is prime and 9x3“ 27, that ain't gonna work." 
Oave up. 


12/20 


’-'rote 9/10 above 3/10 "that'll be 12/10." Uncertain 
what to do next. 1/rote 2 under 12/10. Then wrote 
1.2/10 X 2/1 = 12/10 X 1/2 = 12/20. 


0/10 


"C.D. would be 10, and 9 can't qo into 3 so answer 
i s 0/10." (2 pupl Is) 


6/0 


"9 divided by 3 is 6, and 10 divided by 10 is 0,.'’ 
(3 pupl Is) 


36/20 

1/3 


"3 X 9 is 36, and 10 times 10 is 20." 

"Turn it over" (9/10). ’/rote 10/9 x 3/10. Then 
cancelled 3 into 9 and 10 into 10. Product 1/3. 


30 


"9 divided by 3 is 3 and 10 divided by 10 is 0." 



D" 1 0 



15 3/^* f 3/^ = 



Ansv/ers 
15 0/k 
15 3/^* 

15 1/^ 

16 

7 2/3 
21/1* 
20/1 
A/ 1 8y 

15 

15 0/0 

15 1/1 

16 1/2 

15 

12 

I/'* 

I/'* 

15 9/^* 
21 R1 

15 

5 1/^ 

16 
7/^ 

20 



*’3 divided 6y 3 15 0 and C.D. is ^ so it would be 
15 0/1*," (2 pupils) 

■'Bring over 15 ; 1* divided by 1* = 1* and 3 t 3 = 3- 
Answer 15 3/l*»" 

"3 T 3 = 1, bring over 15, answer Is 15 1/1*." 

(10 pupils) 

"3/1* T 3/1* = 1, bring over 15 and 15 + 1 = 1«" 



or 



3*t 3 = 1 ; 4 f i* = 1 ; 15 1/1 = 16." (10 pupils) 



Tlusn 



Wrote 15 3/1* as 23/1*, and reciprocal of 3/'». 

23/4 X 4/3 = 23/3 (cancelled) = 7 2/3. 

Wrote 15 3/4 as 63/4. Then 63/4 v 3/4 = 21/4. 

•;fote*^15 3/4 as 60/4. Then 60/4 I 3/4 6o/4 x 4/3 

= 20/1 (cancelled). (2 pupils) 

Wrote 15 3/4 as 63/1 ("15 times 4 is 60, + 3 = 
you put whole numbers over !'*)• Then 63/1 3/ 

1/63 X 4/3 = 4/189. 

’./rote 15 3/4 x 4/3 (cancelled) = 15 1/1 ® 15- 
"3 into 3 = 0 ; 4 into 4 = 0," wrote 15 0/0. 

"3 goes into 3 one time, 4 goes into 4 one time 
bring over 15. (5 pupils) 

"3/4 + 3/4 = 6/4" brino over 15 for b f/4 = 

16 2/4 = 16 1/2. 

"3/4 from 3/4 is 0, put down 15." (2 oupi Is/ 

"3 divided by 3 is 1 bring over 4" for 3/4 ; 3/4 of 

15 is 12." , ^ . 

"Numerator will stay the same if same number 's on 
bottom, and then 3 wi 1 1 go into 3 one time" so 1/*. 

"3 go into 3 one time ; 4 can't go into 4, so you 
rearoup a whole 4 from 15, that leaves 14." Then 
14' 3/4 7 3/4 = 1/4 (the 4 of 14 3/4 becomes 0 and '* 
from 8 leaves 4, answer 1/4"). 

"Bring over 15 ; 3 x 3 = 9 ; bring over 4. 

V/rote 15 3/4 as 64 ( '4 x 5 = 24 ; 4 x 10 = 40 •, 

24 + 40 = 64"). Divided 64 by 3 got 21 Rl. 

"Keep 15 ; 3/4 will go into 3/4 but it won't equal 

anything, so answer is 15." , . 

"3/4 into 3/4 goes 1 time, that gives 1/4 ; V** >nto 
15 ?? divide 3 in 15, that's 5." Answer 5 1/4. 

'./rote 15 3/4 as 63/4 ; then "3 goes into 60 fifteen ^ 
times, and 3 goes into 3 one time, so answer is lb. 

Wrote 63/4 for 15 3/4. Then 63 " 3 = 21 and 21 r 

3 = 7. Used C.D. of 4 for 7/^- , , ,, , , _ 

'Wrote 15 3/4 as 60/4 ; then 60/4 t 3/4 x 4/3 

20 (cancelled) (in multiplying 15 '>■ ^ 

-•10 X 4 = 40, 11 X 4 = 44 ; 12 V 4 = 48 : 13 X 4 = 52 
14 X 4 = 56 ; 15 X 4 = 60"). 



j> ry 






O 



'S 3/^ t 
20/i. 

II RI3 

O/I 

151 

3 3/'4 

5 3 /^ 

0 1/A 

6 <3/10 V ; 

Ansiyers 
2 9/10 

2 3/2 

2 3/3 

6 27/30 
6 3/10 

20 7/10 
2/30 

. Incomplete 
6 3/10 

2 7/10 



3 /A = (continueif) 

■'rote 15 3 /A as 60 /A 'so it's f> 0 /A 7 3 /A • 3 into 5 
noes 20 times so answer is 20 /A. ' (2 pupils) 

'/rote 63 /A for 15 3/A. Then 6 3/ A 3/A lPo /16 - 
II RI3* (' A v/on't 00 i n to 63 so 6 "5 X 3 ^ I '''3 
A v A t- ic,") Di\/icioJ if. into I o'.' , answer II RI3. 
•'rote 63 /A for 15 3 /A. Then 63 /A i 3 /A = 0 / 1 . 

(“3 v-.'on ' t no into 63 "), v/rote 0 for numerator, 'A 
into A poes 1" v/rote I for denominator. 

”15 divided into 15 is 15 ; 3/A divided by 3/A is 
1 time.” '.'rote 151. 

"rote A5/A for 15 3/A. Then A5/A r 3/A = 15/A = 

3 3/A. 

”3 (of second 3/A) into 15 is 5 and bring down 3/A.” 
"How many 3's in 3 ; there's I three in 3 : it's 
the satic mimher so It stays A” wrote I/A. Then ”0 
divided by 15 is 0” wrote 0 I/A. 



”6 into 3 will go 2 ; and 9 / 10 ,” or ”5 whole v 3 
whole is 2. You ain't got nothinc to divide 9/10 
by so put down your 5 / 10 .'= (25 pupils) 

First said 'can't do it because there is no fraction 
behind 3.” Interviewer made exercise 6 9/19 7 3 3 / 5 . 
Then "3 goes into 9 three ; 5 goes into 10 tv/o, 3 
goes into 6 tivo” ; answer 2 3 / 2 . 

”3 go into 9 three times ; 3 go into 10 three times 
and I left ; 3 goes into 6 two times.” 

”3 X 9 = 27 ; 3 X 10 = 30 , bring over 6.” 

'/rote 6 9/10 3/1 ; ”3 goes into 9 three times ; 

I goes into 10 ten times, bring over the 6.” 

(3 pupi Is) 

'/rote 69/10 X 3/1 = 207/10 = 20 7/10. 

'/rote 6 27/30 for 6 9/10 and 10/30 for 3. Then 
6 27/30 T 10/30 = 2/30 n 7 / 30 . ”1 got messed up.'' 
Stopped. 

Mrote aside 60 x 9 = 5A0. Then 5 AO/IO 6 3/1 = 7 
Could riot finish. 

Rewrote as 6 9/10 » 3/10 (because common denominator 
is 10) ”9 divided by 3 Is 3, out over C.D. of 10, 
bring 6 over.” 

''rote 69/10 V 3/1 = 207/10 = 2 7/10. 
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6 9/10 T 3 = 
1/207 

207/10 

23 

135/30 
1 2/30 



2 

6 9/30 

2 R9 

3 9/10 
i:; rC? 

1/0 
2 1/1 
23 

7/6 T 2/3 

A nsviers 

3/2 

l4/2'» 

1/24 

3 1/24 
2A‘ 



(continued) 



’!rote 65/1 (10 x C = 60, + 5 = 6n, put ii ov-r 1 
■'beceuse it is 3 whole number") . Tiien 60 / 1 •. , 

‘ that v*/i 1 1 be 1/6'^ x 1/3 = 1 / 207 .' 

•Vote 65/10 i 3 = 6V10 x 3/1 = 207/10. 

6 X 10 = 60, + 9 = 69 ; 69 ^ 3 = 23. " 

Chose 30 as C.D. 'Vote 27/30 for 9/10 and 10/30 
for 3 ; "put a 1 under the 6 automat i ca 1 ly ' ' 27 

is 3 to 3rd Dovier and 30 is 2 x 3 x 5 ; so it s 
gonna be 3 threes is 9 ; and 2 times 3 is 6 ; 

6x9 is 27 : and 27 X 5 is 135 ■ 6 won't go into 
1 so answer is 135/30.'' 

"You break the 3 down and make it 2 3/3' ’ v/rotc ^ 

27/30 for 0/10 and 30/30 for 3/3. "Borrow 1 from ; 
(of‘6 9/10), made 27/30 into 37/30 ; then 30 into 

37 = 1 7 / 30 . Then made 2 of 2 3/3 into 3 because 

of 1 of 1 7 / 30 . Then "3 goes into 5 (left froiij bor- 
rowing 1 from 6) one time with 2/30 left over. 

'*3 goes into 6 tv.'o times ; 3 does not go into _/ 
so the answer v/ould be 2.' 

'/rote 9/10 X 1/3 * 9/30 ; brought over 6. 

'Vote 69/10 for 6 9/10 and 30/10 for 3 to get a C.n 



into 30 would go 3 times 
3 



199/10 
1 time 



Like this; 

= IS 



30 into 69 * 2 R9. 

’.Vote 69/10 •? 30/10 '69 
with 9/10 left over. • 

'.Vote 69/10 for 6 9/10 and 3/1 fe*" 

69 3 Then 3 x 63 for IS'3. 

10 1 And 10 X 1 for 10. 

'.Vote 69/10 T 1/3, "1 into C9 goes 
00 into 10, so it's 0 ; answer 1/0." 

'■■'6 V 3 is 2 ; noiv 9/10 t 9/10 ; 9 divided 
’ 10 divided by 10 is 1 •, 2 



: 3 won' 
by 9 i s 



I Ao/in 



I / 9 » 






"2 goes into 7 three times, you'll have a remainder, 
3 goes into 0 two times, but you still have a 
remainder.'' '/rote 3/2 as answer. 

"7 X 2 * 14 ; C X 3 = 24, that's not right, you 
don't multiply the bottom number,'’ could go no 

further. divide 

J time." Answer 1/24. 

'..Vote 7/24 for 7/8 and 2/24 for 
•; 2/24 = 3 1/24 (7 T 2 = 3 1/24) 

-fl\ * 



'.Vote 21/24 for 
16 i nto 21 poo? 

24 03 C.D, 
2/3. Then 7/24 



B-21 



I 



I 

\ 



7/8 ^ 2/3 
1 



3h/22 



2/2 

3/2 

1 5/2k 

3/5 

W2>\ 



3/2 R3 



I ncoiiifjlc tc 



1 5/16 

■"IT" 

^ ni 



1/24 

4 1/2 

1 P.5 

7/12 
1 1/2 



I 



(cont i nucU) 



Vrote 7/8 ^2/3. , 

Then cancelled. 7 i 2 , 

4 F ' 3=7/7=! 

First thouqht to divide 7 by 2 but it wasn't even • 
then 7 X 8 = 50 and 2x3 = 6. ’/rote 56 v 6 = 9 
(6 X 7 = 42, + 9 = 50, + 9 = 56). 

'1^2 qoes 3 with 1 over.*' ’/rote 3 in numerator o' 
answer ; didn't know what to do with remainder, 
decided to put it with 2 of 2/3 makinq it 12/3. 

Then "3 into 12 poes 4.' V/rote 4 with 3 mokinn 
numerator 34. "3 goes into 8 two times with 2 left 

over." I'rote 2? os dm kxim M otor. 

'■2 divide 7 is 2 ; 2' divide 8 is 2." 

'•2 goes into 7 three times ; 3 goes into C two 
times." (4 pupils) 

'■’rote 2J/24 for 7/8 and 16/24 for 2/3. Then 21/24 
i 16/24 = 1 5/24. (12 pupils) 

"3 into 7 go 3 times ; 3 into 8 go 5 times." 

Chose 24 as C.O. ''rote 10/24 for 7/8 (''8 goes into 
24 three times, 7 + 3 = 10") •, wrote 10/24 for 2/3 
("3 goes into 24 eight times, 8 + 2 = 10'). "10 

goes into 10 one time, bring down 24." 

"2 go into 7 three times ; 3 go into ? two times : so 
you get 3 left' (1 left from 7 t 2 and 2 left from 
>5 T 3) . (2 pupi Is) 

I'rote 21/24 for 7/8 and 16/24 for 2/3. Then 21/24 : 
16/24 = said "it won't work because 16 won't go 
into 21." Couldn't go further. 

'.'rote 21/24 for 7/8 and 16/24 for 2/3. Then 
21 r 16 = 1 5/16. '.'as not satisfied with this 

answer. Then uncertainly wrote answer as here. 

First wrote 21/24 for 7/8 and 16/24 for 2/3. Then 
added for 37/24. Decided this was v/ronn. Then 
said "2 goes into 7 three tines with 1 left over.' 
''rote 3 R1 . 

l.'rote 21/24 for 7/8 and 16/24 for 2/3. Then 
21 7 16 = 1 R5. Decided final answer must be 1/24 
(''24 is the C.D., the 1 is from 1 R5 and 5 can't be 
any fraction") . 

7 V 2 = 3 P,1 ; 8 f 3 = 2 R2. ','rote 3/2 = 1 1/2. 

Then R of 1 and R of 2 added to 1 gave 4 1/2. 

"rote 21/24 for 7/8 and 16/24 for 2/3. Then 21 7 16 = 
1 P>5. (2 puoi Is) 

V'rote 7/8 i 2/3 = 7/8 x 2/3 = 14/24 = 7 / 12 . 

"2 goes into 7 three times ; 3 go into 8 two times 
and 3/2 = 1 1/2." (2 pupils) 
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ita 



(continued) 



7/8 T 2/3 
3/5 

Ml 



1 Hlh 



37/48 



0 

1 2/3 



1 3/24 



4/21 
3/24 
3 R1 



14/24 
0/24 
16/21 
3 1/24 

7/12 

3/3 



‘ ?. goes into 7 three tines Rl ; 3 no into 8 tvio 
tirnes R2.*' Then v/rote 2/2 1/3 ~ 3/5* (The 1 



of 1/3 is remainder of 7 
7 f 2 + P. of 0 
''3 divided by 8 
3 wi th PI ’*rote 2 

3/ff 



2 • the 3 of 1/3 is P of 



. 3) ; 2/2 + 1/3 = 3/5. 

, two tines ■ 2 divided by 7 equals 
3 

2/7 



Made 1/2 from remainders. 

Wrote 3/24 for 7/8 (' goes into 24 three times and 
3 goes into 7 three times and 1 left over ). ■'"o e ^ 

4/24 for 2/3 ("3 goes into oSobt times and o v - 

4"). Then 3/24 t' 4/24 = 1 1/24 ("3 goes into 4 one 

time with 1/24 left over.'*) 

rrote 21V24 for 7/8 and 16/24 for 2/3. ^ded for 
37/24. Placed 2 under 37/24. Then wrote 37/Z‘t x 

Wrote 21/24 for 7/8 and 16/24 for 2/3 ; then “2’ _ 
divided by 16 is 0 because 21 doesn't go inm 
First wrote 21/24 for 7/8 and 16/24 f-" 

Decided this was wrong. Then 7 divide y . 

3 X 2 is 6 and 7 - 6 is 1 ; 3 go into P- two tines , 

? out the 2 un there (for numerator) and leave the 

*> - I 

Chose 24 as C.D. "Bring d^n your 2 and your 7" ; 
wrote 7/24 for 7/8 and 2/24 for 2/3 ; 2 9°®" 

three times and 1 left over ; i ^ ® ^ divided 

"Can't divide 2 by 7." ’/rote 8/7 v 2/3 , ?- divided 

by 8is^i3^7“21. 

Chose 24 as C.D. "2 goes into 7 three times, 

answer 3/24." _ _ 

"2 goes into 7 three times with one left over- 
"These are the kind I don't understand, when one 
denominator is even and one is odd. 

'2x7= 14 and 3 x 8 is 24. 

"7 can't go into 2 and 24 is C.D 
Wrote 3/7 X 2/3 * 16/21. 

Chose 24 as C.D. "7 divided by 2 goes 

1 left over." 

\/rote 7/8 2/3 cance 

and 4 X 3 ® 12. 

"2 won't go into 7 but 
i.'rote 3 for numerator \ - . 

v/111 go into 9 three times U, b, .)} 
deiiomi nator. 



so answer is 0/24. ‘ 

3 times with 

I led 2 into B then 7x1 = 7 

i t wi 1 1 go into 6" (2, 4, 6) . 
"3 won't qo into 8 but it 

V'rote 3 for 



(continued) 



7/8 : 2/3 = 
<; l/2i» 

303 R2 
206 

1 

0 1/3 



'•rote 21/2i» for 7/8 and l6/2'i for 2/3 ; 1^ ’»in j 

into 21 one time v/i th 5 left over, so answer i:; 

5 l/2i»." 



Divided 2 into 7 and 3 
305 206 R2 



2/70 


3/Bo 


6 


6 


1 


2 


0 


0 


’10 


20 


10 


18 



i nto 0 as below. 

Ansv/er 305 R2 
2 ^ 



Added 5 to 3 and 5 to 2 of 2/3 to make 7/8. Then 
7/8 :• 7/8 •, 7 T 7 = 1 ; 8 r 8 = 1 and 1/1 = 1. 
•'./rote again 7/S 4 2/3 "the 8 into 2 is '/rote 

A above cancelled 2 and 2 below cancelled 8 "and 
this is once" crossed out 2 beloiv 8 and v/rote 1. 
Then 7 X = 23 and 1 X 3 = 3 for 28/3 = S 1/3- 
'/rote 21/2^ for 7/8 and 16/2^ for 2/3- Then 
21 V 16 = 10 R5 10 



10 R5 



APPEtlOIX C 



All ..'rong Answers--Compari son Exercises 
Reasons for Choices 



Uhich is larger: 



2/3 X 5 



or 1 X 52 



"1 X 5 is 5 and 3 X 5 = 15. If I make it out a fraction it will 
be 2 X 15 which is greater than 5." . 

"1x5 = 5; 2/3 X 5 = 5 2/3 which is greater than 5." (2 pupil w 
"1x5 = 5 and that is less than 2/3 x 5" 

"2/3 X 5 has mimt.ei’s wh i le 5 X 1 has only tv/o numbers. 

• «1 is .a' whole number and 2 (of V3) u ..r 



"5 X 



that's 150, and 



« t vv. w . — — - ^ 

2 = 10, and bring down the 0; 5 x 3 - 15 i 
5x1= 5." 

"2/3 x 5/1 = 2/3 X 1/5 = 2/15 and 2/15 is greater than 
"2 X 5 is 10, and you get 10/3 which is greater than 5. 

X 5 = 17 (5 X 3 = 15, + 2 = 17) , which is greater than 



5. 

II 



1 X 5." 



"2/3 

"5 X 2 = 10 and 5 X 3 = 15 which is greater than 1 x 5. 

"5 2/3 is greater than 5." ^ •^ \ 

"2/3 X 5 = 10/3 which is greater than 1 x 5. I** pupi Is; 

"5 X 1 is 5 and 5 x 2/3 would be more." pupils) 

"2/3 X 5 v/ould be 10/15 and that would be larger. 

"That's 15 there (2/3 x 5), and that just be more." 

"2/3 X 5/1 = 15, or something." 

"Just a guess." 

"2/3 is greater than 1." (2 pupils) ^ 

"1 X 5 is 5 and 2/3 x 5 wi 1 1 be a mixed number.' 

"2 X 3 = 6, and 5 X 6 = 30, and 1 x 5 is only 5." 

"2/3 X 5 = 25; 2x5 and 3x5; and 1 x 5 is only 5. 

"2/3 is greater than 5." 

"1 Just felt like picking that one." 



(3 l>"pi 1-) 



Which is larger: 



3/2 X 6 or 



6 ? 



"3 don't go into 2." 

"1 is greater than 3/2." (7 pupils) 

"3/2 is greater than 1." (2 pupils) 

"6x1=6 and 3/2x6= 18/12." 

"6 is greater than 3/2 x 6." 

"1 X 6 gives you a ivhole number." 

"1 is a whole and 3/2 isn't." 

"1 is not a fraction." 

"6 is greater than 6 3/2." 

"1 X 6 is 6 and 3/2x6= 10/2 and 18/2 is greater than 6. 
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92 






Which is larger: 3/2x6 or i x 6? (cc:; ^ I nu-cl) 

"3/2 is a part of I . 

"I is I is a whole and 3/2 is part of a whole." 

Ilo reason given for wrong choice. 



V/hich is larger: 1 7 -i 5/8 or 17 i I? 

"5 X 17 = 35 and 85 + 8 = I; 8 goes into .8 one: 8 goes into 5 
no times, then 17 is larger" (lO is less than 17 ). 

"Just a guess." 

lio reason given for wrong choice. 

" 5/8 is not a whole number." (2 pupils) 

'•17 ' 1 = 17; 17 - 5/8 goes 3 2/3." 

'You have to take 5 into 17 and 8 into 17 and you only take that 
(17 1) one time." 

"I don't kncHv ha>/ I got it." 

"I is greater than 5 / 8 ." (9 pupils) 

" 5/8 IS less than 1 ." (2 pupils) 

17+1 would be 17 and I think 17 would be larger than 5/8 

divided by 17 ." , 

"That's a whole and that's just 5 / 8 ." 

|M7 + 1 = 17 , 17 + 5/8 is less than 17." (2 pupils) 

"1 is a whole number and 5/8 doesn't eqiial" a whole number," 

(3 pupi Is) 

"1 - 17 “ 17 , and 17 + 5/8 is less than 17." 

"5/8 is not as large as 1." 

"This is 1 and this is 5/8." 

"17 ' 5/8 = 16." 

Didn't knenv a reason. 

"1 is a whole and 5/8 is a fraction." (2 pupils) 

"If you go one time you sti 1 1 have 17." 

"5/8 is not 1 yet; it is 3/8 less." 



Which is larger: 17 4 5/2 or 17 4 1? 

"5/2 is greater than 1." (9 pupils) 

"Just a guess." 

"5/2 is half of a number.’’ 

.'ir/o ^ 2 is greater than 1." (h pupils) 

5/2 IS a whole with 1 left over, that (1) is a v/hole with none 
left over." 

Il'/hen you work i t out, you get 17 x 2 which is greater than 17," 
Divide 2 1/2 in 17 and get 6 and something so 5/2 because you 
are dividing by a larger number.." 

''5/2 might go into 17 more than 17 times." 

"2 goes into 5 and 1/2 so that'll be 2 1/2 compared to 1." 



C-2 



17-1? 



)'hich is larger; 17 - 5/2 or 



"Numerator is greater than denominator in 5/2 * 2 1/2 which is 
greater than 1 

"17 - 5/2 you come out with a mixed number." 

"17 ■ 5/2 would be more after you times it." 

"5/2 is less than 1 and the lowest would be larger." ^ 

"In 17 - 5/2 you have more to multiply by, that is, 17 x 2/5." 

"It would be a fraction and probably would come out a little 

larger, because with this (17 - 1) you have to add a bunch 
of decimals and you would come out v/i th decimals." 

"1 is greater than 5/2 so when you divide it will be larger." 

"You take less out when you divide than when you take one." 

"2/2 = 1, this is 3/2 more, so 17 - 5/2 is more than 17 - 1." 



l.'hich is larger: 3 Q/IO -s- 7/8 or 3 9/10 + 1? 

"You need a C.D. of ^0 on left; 3 9/10 + 7/8 = 3 16/^I0 (9 of 9/10 

+ 7 of 7/8) and 3 l6/t|0 is greater than 3 9/10." 

"7/8 is greater than 1." (8 pupils) 

"I just think that it is larger." 

"3 is a whole and you have 9/10 of a half." 

Reason not given for wrong choice. 

not I ocoi tioci- - tape fouled. 

"If you got a C.D. The left side would be larger." 

"3 9/10 + 1 is Just like A 9/10; 3 9/10 + 7/8 is like you add 7 
on 9 and 8 on 10 which is greater than 9/10," 

"3 9/10 + 7/8 would be 16/80 and 3 9/10 + 1|.' 

"3 9/10 +7/8=3 16/13 and 3 9/10 + 1 = li‘V%»ind 3 16/18 is 
greater than 9/10." 

"You multiply 9/10 and 7/8; you come out with a higher number." 
"7 go into 8 one time with a remainder and this is Just 1." 

"In'3 9/10 + 7/8 it will be 7 + 3 » 10, and 3 9/10 + 1 Is Just 
3 + 1." 

Had no reason for wrong choice. 

"Just looks bigger." 



Which is larger: 8 5/6 + 1/^ or 8 5/6 + 1? 

"1 is greater than 7/'i." (12 pupils) 

"1 is a whole number and Hk is just a fraction of a v/hole." 
"8 + 1 is 9 and 9 5A6 is greater than 8 12/10" (7 + 5 = 12, 
i 6 + 10 = 1|). 1 

"8:5/6 + 7/l» won't give more than 9 5/6." 

"7/'i‘ is part of 1 . " 

No reason recorded for wrong choice. 

"You get all the pie instead of Just 7 (pieces) of k pies." 
"1 is a whole and 7/^ is part of a whole." (5 pupils) 
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/hich Is larger: 8 5/6 + 7/4 or 3 5/6 + 1? 

'=0 5/6 + 7/4 = 8 12/10 = 9 2/10; 0 5/6+ 1=9 5/6." 

"7/4 doesn't make a whole number and 1 does.' (2 pupils) 

"8 5/6 + 1 = 9 5/6 and 3 5/6 + 7/4 would only be 3 12/6." 

"7 can't go into 4.'' 

"7/4 is not as large as 1." 

"7/4 is not even half of one." 

"7/4 is riot an improper fraction (meanirig mixed number).'' 

"0+1 is 9 and 8 5/6 + 7/4 would be G and something." 

"A v/hole is greater than 7/4." 

"8 5/6 + 1 would be 9 5/6 and 8 5/6 + 7/4 would be 0 7/4." 

"On the left you end up with 0 and a fraction, and on the right 
you get 8 5/6 +1." 

"1 is a vjhole and 7/4 is still a small piece." 

"1 is a whole number which is greater than a fraction." 



V.'hich is larger: 10 1/9 “ 7/0 or 



10 1/9 - 1 ? 



"10 1/9 is on both sides, change 1 to a fraction of 8/8. Thou 8/0 
is greater than 7/8." 

"I f you subtract the 1 from the 3 of 10 1/9 yf'‘J 9 et 10 1<'8. 

"If you subtract 8 of 7/8 from the 9 of 10 1/9 you get 10 1/1 
which is greater than 10 1/0." 

"1 is more than 7/0." (4 pupils) 

P.coson not recorded. 

"7/8 ain't a whole number." 

"I don' t know why." 

"10 1/9 cancels 10 1/9 and a whole is greater than 7/8." 

"It is better to subtract 1 v/hole than to subtract the fraction." 
"10 1/9 - 1 Is greater than 10 1/9 - 7/8." 

"This is a whole and that's just 7/0." 

"You subtract 1 from 10 1/9 you get 9 1/9, you subtract 7/0 from 
10 1/9, you get 7 from 1 is nothing and 8 from 9 is just 1." 
"1 is a vvhole numbrr and 7/8 is half of a whole." 

"1 is a v/hole and 7/8 is not a whole." 

Answer incomplete. 

"l/hen you subtract 1/9 and 7/3 you come out with a loi-/er number." 
Mo reason given, for wrong choice. 

"7/8 is almost 2 inches and 1 is only 1" (from shop class). 

"I would have to guess 10 1/9 ■ 1 because the rest of them (the 
previous exercises) go along with it." 

"10 1/9 -1=9 1/9; you get a C.D. for 9 and 8 and the numerators 
would be larger; that would make the 10 1/9 smaller." 

"7/8 is almost 2 wholes and 1 is only 1 whole." 

"'•/hen you take 9 (of 1/9) from 8 (of 7/8) it's gonna be 1 anyv/ay." 
"If you take 7/8 from 10 1/9 you v/i 1 1 come out less than if you 
take 1 from it because 7/8 is less than 1." 



C-4 







Which is larger: 12 3/B - 5/^ or 12 3/*i " 

"5/l| is less than 1. If you subtract less than one you get more 
than if you subtract more than 1.*' 

"5/^ is greater than 1.” (13 pupils) 

"If you take away 1 you get 0; if you take away 5/^ you have 
something left." 

"12 2/4 's larger than 11 3/8 (12 3/8 - I)." 

No reason given for wrong choice. 

"5/4 is more than a whole." , , 

"5/4 is an improper fraction, change to a mixed number it would 

have a remainder, making it greater than 1." 

"12 3/C - 1 would make the 12 eleven; 12 3/8 - 5/'» you would still 

have 12." 

"If you take 1 from 12 3/3 you'll have 11 and something; if you 
take 5/4 from that, you'll have 12 and something." 

"12 3/8 - 1 wi 1 1 be taking away 1 whole; and 1 is gieat«i j/ i 

so you'll be taking away more." ... , . 

"5/k is> not lanjci than 1, but if you be minusing it, it would 

be larger than !.'• , ,, o/o 

"12 3/8 = 11 13/8; 13 take away 5 is 8, so 12 3/8 - 5/4 =11 8/b; 

12 3/8 - 1 = 11 3/8 and 11 8/8 is greater than 11 Vo. 

"5/4 is a mixed number and that'd make a bigger number if you 

broke it down than the 1." i • i 

"If you take 5/4 from this, it would not be as large as taking 1 

from this ." 

"C.D. v/ould be 8, then multiply numerators by what goes into 

that, and that would be a smaller number that go into that 

12 ." 

"12 3/8 -1 = 11 3/8, that'll still be 12 because a fraction is 

not 1." / -i \ 

"1 is greater than so you take away more with 1." (2 pupils) 

t!o reason. 

"You can subtract 5/^* and still have 12." 

"12 - 1 = 11 and 12 3/8 - 5/4 would stay 12." 

"5/4 is less than a vihole." 

"You will have some left because 5/4 is not a whole. In the case 
of the 1, the whole thing will be gone." 



